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ELEIVIENTARY ALGEBRA. 



1. Algebra is a branch of mathematics in which quantities 
are represented by letters and processes by sigfis. It may be con- 
sidered an extension of Arithmetic. 

SYMBOLS. 

The quantities and processes used in algebra are represented 
by symbols. 

2. Symbols of Quantity are the letters of the alphabet 
and the figures used in Arithmetic. 

The first letters of the alpliabet and figures are used to repre- 
sent those quantities wliose values are knou^ii. 

Unknomn Quantities are those whose values are to be found 
and are represented by the last letters of the alphabet. 

3. Symbols of Operation indicate that some process is to 
be performed. 

4. The sign of addition -|- is called plus; thus, 8-|-4 is 
read " 3 plus 4 " and means that 4 is to be added to 3. Similarly, 
a-\-h means that the quantity represented by 6 is to be added to 
the quantity represented by a. 

5. The sign of subtraction — is called minus ; thus, e — / 
is read "e minus/" and means that /is to be subtracted from e, 

6. Multiplication is expressed by the sign X which is read 
'' multiplied by " or " times." 

7. Division may be expressed by the sign -f- or by writing 
the dividend above and the divisor below a horizontal line. Thus, 

<« X c-r- (e +/) is the same as . 

8. These signs are the same as those used in Arithmetic. 
In multiplication, however, there is a difference. In Arithmetic, 



n ^ '^ '^ ^ 
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the sign X must always be used, but in Algebra it is frequently 
omitted. 
Thus, 

^^^y is the same as ^^^^^^V. 

^y xx y 

If, however, we omit the sign between the figures in the 
expression, — , the value is entirely different. 

i><iJ<J^=16 ?^ = 100.7 (nearly). 

2x3 23 \ :i^ 

We can write 6X«Xia86a6. Also, 12 X 4 X w X w as 
12 X 4 m7i but not 124 mw. 

9. We may say : The sign of multiplication may be omitted 
between letters and between letters and figures but not between 
fiSTures. When there is no sign l)etween letters multiplication is 
understood. For this reason the other signs must be used. 

The only exception to the above statement is found in the 
case of the -|-*sign ; it may be omitted at the beginning. Thus, 
2 rt -|- 3 i is the same as + 2 a + 3 6. The sign of 2 a is under- 
stood to be +• 

10. Sometimes a point or period is used in place of the 
multiplication sign ; thus, 

a. 6. (?. df. :^ a X b X ^ X d^ abc d. 

11. A Coefficient is a number prefixed or placed before a 
quantity to indicate how many times the quantity is to he, taken. 
Thus, in 3^6, 3 is the coeiScient and shows that a 6 is to be 
taken 3 times. In other words 3 a 6 is the same asa6-|-rt6-|-^^- 

Let us consider the expression 6 m n. The coefficient of m n 
is 6 and 6 w is considered the coefficient of n. Similarly, 6 w is 
the coefficient of m. 

When no coefficient is expressed, it is understood to be 1. 
Thus c is the same as 1 c? because c multiplied by 1 is <?. 

IZ An Exponent is a figure or letter written at the right 
and a little above a quantity to indicate the number of times the 
quantity is to be taken as a factor. For example, in c^ the * 
shows that c is to be taken 4 times as a factor, c^ is equivalent 
tocXcXcXo. 
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13. When no exponent is written, the first power is understood; b is 
the same as bK 

6* is " 6 to the second power " or 6 square ; it is equal to b 6. 
6* is ** 6 to the third power '* or b cube ; it is equal to 6 6 6. 
6* is " b to the fourth power " and is equal to bbbb. 

The distinction between coefficient and exponent must be 
thoroughly understood. In the ciise of the coefficient, the co- 
efficient shows how many times the quantity is taken to make a 
given sum. The exponent indicates how many times the quantity 
is to be taken to make a given prodtLcL Thus, 

a* =aX«XrtXrt. 

14. Symbols of Relation are the signs which show equality 
and inequality. 

The sign = is read " equals." The expression a = b means 
that the quantity represented by a is equal to the quantity repre- 
sented by b. 

When two quantities are connected by the = sign, the ex- 
pression is called an equation. 

The sign > is read " is greater than " and the sign -< " is 
less than." Thus, a > ft means that the quantity represented by 
a is greater than the quantity represented by b. 7n <^ n means 
that m is less than w. 

The sign ^o means *ms equivalent to." 

15. Symbols of Abbreviation. The following are the most 
common symbols of abbreviation : 

Radical Sign y Braces ) j- 

Parentheses ( ) 



Brackets f 1 Vinculum 

16. We learned the meaning of the V^ when studying 

Arithmetic. 

In Algebra the parentheses, brackets, braces and vinculum 
are used in the same way as in Arithmetic and have exactly the 
same meaning. 
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If sevefal quantities are enclosed in parentheses, brackets, 
etc., they are to be taken as a single quantity. For example, 

7_3 + (8 — 2). 

This expression means that 3 is to be subtracted from 7 and 
the result thus obtained added to the difference between 8 and 2. 

T — 3 + (8 — 2) = ? 
7 — 3 + 6 = 10 

Suppose we have 12 — 6 — (3 — 1) -f 22 — (12 + 1). 

We may first simplify the quantities in parentheses. ( 3 — 1) 
= 2, and (12 -j- 1) = 13. Then we may write : 

12 — 6 — (3 — 1) + 22 — (12 + 1) = 

12 — 6 — 2 + 22 — 13 = 13 

17. The same rules apply to letters. For example, 4 + a + 
(h — (?) means that the difference between b and (? is to be added 
to the sum of 4 and a. 

We know that when there is no sign between lettera they 
are to be multiplied. Thus 6 a (a: + y) means that x -\- y \% to 
be multiplied by 6 a, the result being 6 a a; + 6 a y. In other 
words both x and y are to be multiplied by the 6 a. 

18. Suppose we wish to add 7 and 10 a and subtract 3 6 ; we 
can write it in any of the following ways : 

(7 + 10 a — 3 6) 
[7 + lOa — 36] 

|7 + 10a— 36| 



7 + 10 a— 36. 



The expression 4x3+4 + 2 is equivalent to 4 X 9 = 
36. The vinculum is most used with the root signs, thus 

^ 9 X 3 a X J means the cube root of 27 a b. The expression 

V a + 6 indicates the square root of the expression a + * J, not 

\ a + ^b. Let us note the difference ; let a = 9 and b = 16. 
Then, 

v/a + 6 = V^9 + 16 = V^25"= 5 
VV4-N/"r= V^9"+v/l6"= 3+4=7 



ELEMENTARY ALGEBRA. 



81 


Ans. 


12 


Ans. 


5 


Ans. 


a 




4 


Ans. 


84 971 


Ans. 



EXAMPLES FOR PRACTICE. 

Simplify, 

1. (14 + 13) X (6 — 2) =1 ? 

2. 25 — (6 + 7) = ? 

3. (15 — 5) -^ 2 a =? 

4. (18 _ 3 + 6 + 7) ^ (11 — 4) =? 
6. (12 + (7 — 3) -T- 2) X 6 m = ? 

ALQEBRAIC EXPRESSIONS. 

An algebraic expression is a combination of letters and signs ; 

such as2a4-^^ — ^• 

19. A term is an algebraic expression none of whose parts 
are separated by the -j- or — signs. In the above expression, 

2 Uy a X and b are terms. 

Positive terms are those preceded by a + sign. If no sign is 
expressed the plus sign is understood and the term is positive. 
Thus in the above expression 2 a and a x are positive terms. 

6 Z m is a positive term. 

Negative terms are those preceded by a — sign. Thus in the 
above expression — i is a negative term. This sign must never 
he omitted. Equal terms with unlike signs cancel each other; thus 

2 (? — 2 c = 0. 

20. A monomial is an expression containing but on^ term, as 

7 d. If there are two terms the expression is called a binomial. 
Expressions of more than one term are called polynomials. Thus 
X -\- Z h — yisa polynomial. 

21. Similar tenns, sometimes called like terms, are those 
diflEering only in numerical coefficient. Thus 5 a J, 8 a ^ and 

3 a i are similar terms. 4 a i and 7 h are unlike terms. 

NEOATIVE QUANTITIES. 

22. The signs 4~ ^^^ — &^6 used to indicate addition and 
subtraction. They are also used to distinguish between quantities 
opposite in character. Plus quantities are those greater than 
zero and minus quantities those less than zero. A thermometer 
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shows + and — temperatures or temperatures above and below 
zero. 

A man's property may be called -|- and his debts — . If a 
man owes $100 we say that his property is — $100 ; if he has $75 
his property may be expressed as + ^^5 or simply $75. 

If a thermometer inside a house indicates 60° and one out- 
side indicates 10° below zero, the diflEerence is 70° because the 
temperature outside must first rise 10° to become zero and then 
60° more, making a total of 70°. 

By means of the same reasoning, we see that a man that hai* 
$50 is $100 better off than the man who owes $50. 

ADDITION. 

23. Addition is the process of finding the aggregate or suni 
of two or moi'e quantities. Thus the sum of 4 and 6 Ls 10. The 
sum of 5 a and 6 a is 11 a. 

If we add 5 bolts, 8 bolts, 9 bolts and 3 bolts, the sum is 25 
bolts. If we let b represent one bolt we add 5 J, 8 6, 9 6 and 3 h. 
The result is 25 b. 

In the same way — 8a — 6a — 9a and — 13 a are equal 
to — 31 a. 

24. When the terms are similar and the signs alike, add the 
coefficients and to the sum annex the letter or letters ; the sign of 
the sum will be the common sign, 

25. If the terms do not have the same signs but are similar 
add together all the -}- quantities and all the — quantifies and 
find the difference. The sign of the result will be the sign of the 
greater sum. 

13 a c2 -f 6 a 6'2 — a (?2 + 4 a (?2 _ 8 a (?2 = 23 a (?2 — 

9 a (?2 = 14 a c^. . 



(1) 


(2) 


(3) 


(4) 


(5) 


6 ax 


- 3x« 


+ 12xy 


— 4c 


- 6(x + 2/) 


Sax 


- 7x2 


— 17xy 


+ 3c 


0(^ + y) 


Sax 


— x^ 


+ 13 X y 


— 9c 


- 2(x-f y) 


2ax 


— 4x2 


+ 7xy 


— 6c 


(x-hv) 


a X 


- 6x2 


— Oxy 

+ 9xy 


+ 4c 
— 12 c 


- 13 (X + y) 


19 ax 


— 21 x'^ 


-llix + y) 



26. The sum of a and 2 a is 3 a, but the sum of 8 a and 7 c 
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is neither 10 a nor 10 c but is S a -\- 7 c. Hence if the terms are 
unlike they cannot be added ; the addition is indicated by connect- 
ing them tvith the proper sign, 

27, Suppose we wish to add several terms. For instance, 
8 am -{- 7 c m — 2 y/^ — x — 3am-|-4a; + S ^^ — 3 a m -f- 
cm — S X — ^ »~ — a m. We can write similar terms under each 
other and add them using the principles already learned. 

% a m -^-1 c m — 2 y/"** — x 

— 3a7n+ c m •\' K> ^^+ 4 x 

— 3 a w — y/~«" — 3 X 

— am 



a m -{- % c m •■\' 2 ^ X 

(1) (2) (3) 

7x — 3y 6a + 3c— 4 3a6 + 5c 

— 3aJ+y — 7a— c + 12 8a6+2c 

2x + 6y 4a — 6c — 3aft 

6x-f4y 2a — 4c+ 8 8a6 + 7c 

EXAMPLES FOR PRACTICE. 

1. Add together 3aa; — 4a6 — x y -{- z — 3ajy + 
% ah -\-l X y — 32 — i a x — Q x y -\- a x, 

Ans. 2 ah — ^ x y — 2 a. 

2. Add together Vl ax'^ — a xy -{-^z — 24 + 6 + 2aa:y 
— 2z+ax^—lS — \iax^'\'6axy—4:Z. 

Ans. i ax^ — <*^y — 81. 

SUBTRACTION. 

28. Subtraction is the process of taking one quantity from 
another, or it is finding the difference between two quantities. 

29. The Subtrahend is the quantity to be subtracted. 

30. The riinuend is the quantity from which the subtra- 
hend is to be subtracted. 

31. The Remainder is the result. 
Let us subtract 14 a from 26 a. 

26 a Minuend, 
14 a Subtrahend. 



12 a Remainder, 
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This shows that the minuend is equal to the sum of the 
subtrahend and remainder. 

We could write the above as follows : 

26 a — 14 a = 12 a. 

32. In a certain time A made 24 dollars and B lost 8 dollars. 
What was the difference in the profits of A and B. Gain or 
profit is considered +> a^d loss — . To find the difference we 
must take — 8 dollars from 24 dollars. 

24 dollars — ( — 8 dollars) = 82 dollars. 

33. When studying negative quantities (Art. 22), we 
learned that the difference between a -|- quantity and a — quan- 
tity is equal to the sum of the quantities. The above shows 
that : 

34. Subtractinff a positive quarUity is the same as adding an 
equal negative quantity. 

Art. 32 shows that suibtr acting a negative quantity is the same 
as adding an equal positive quantity. 

To subtract one quantity from another, change the sign of the 
subtrahend and add the result to the minuend. 

Subtract 5 a from 8 a. 
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ADDnro 


8 a Minuend 




8a 


5 a Subtrahend 


or 


— 6a 


3 a Remainder 


3 a 



35. To subtract one polynomial from ^Lnother change the sign 
of each term of the subtrahend and add the result to the minuend. 

From 11 abc +Sx—1 y + 'iS take Taftc? — 6a? + 9y — 
76. 

Ila6c + 3x— 7y+ 48 
— 7a6c + 6aj— 9y + 76 

4a6c-f9x — 16y + 124 

EXAMPLES FOR PRACTICE. 

1. From — 347 axy take 223 axy. Ans. — 570 axy. 

2. Subtract 4 77»2 _ g n^ + 73 a; from — ^2 _ 8 wS + 83 a;. 

Ans. — 5m^ — 2 w^ -|- 10 a:. 

3. Take 2x^ — y^ fron^ the sum of x^ — 2a;y-f3y2 and 
xtz-j-i u^. Ans. — x^ — ajy + 8y2. 
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4. From thesum ot2a^ — a'^b — 5 ab^ and 3 a2 6 — 5 ab^ 
— 4 6« take the sum of — 2 a^ — 7 a2 j _ 6 js and — 6 a ja + 

Ans. 4 a3 -f 9 aa 6 — 4 a ja — 3 6«. 
6. Subtract the sum of — 5 a;^ — 12 a;2 + 3 and — 3a:* + 
2 rp2 — ^ X from the sum of x* — 1 and 2 a;' — 7 x — 10 a;^ . 

Ans. ix^ +7a;8 — 2a?~4. 

USB OP PARENTHBSE5. 

36. The parentheses, brackets, etc., are used so frequently 
in Algebra and Engineering that their use must be thoroughly 
understood. 

Suppose we have the expression, 

a — 2 m -|-(3 w — n + 4a:). 

We know that it means that the quantity 3m — n-|-4a;i8 
to be added to a — 2 m. Performing the addition we have 

a — 2m-|-3m — n-l-4a:. 

37. It will be noted that the signs are the same as though 
no parenthesis had been used. 

The expression, 

a — 2m — (3 m — n+4a:) 

means that the quantity 3m — n -}- 4t x ia to be mbtracted from 
a — 2 m. Subtracting 3m — w+4a;is the same as adding — 
8 m 4" w — 4 a;. We have as a result, 

a — 2m — 3m-}-n — 4 a:. 

38. By comparing this expression with that of Art. 87 we 
see that when we removed the parenthesis, we simply changed all 
ihe signs in the parenthesis. Similarly 

a2 _ (2 a i + (?) = a^ — 2 a 6 — c. 

39. We can then make the following statements : 

If a parenthesis is preceded 6y a -f- sign^ the parenthesis signs 
may be removed without changing the -{-or — signs of the terms 
within the parenthesis. 

If a parenthesis is preceded by a — sign^ the parenthesis signs 
may be removed if the sign of each term within the parenthesis is 
shangedfrom -{-to — or from — to +• 

40* The same rules apply to brackets, braces, vinculum, eto. 
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41, After removing the parenthesis similar terms should be 
united. 

Simplify the expression, 

4 ;n2 M — (8 w w2 + 3 TTja n — n^). 
4 ?n2 n — 8 m n^ — 3 m^ n + w^ 
or, m^ n — 8 m n^ -\- n'^. 

42. Parentheses are often enclosed by brackets, etc. In 
such cases the same rules are followed. It is better to remove 
first the signs from the innermost pair. 

3 a — [2 a — (a + 2)]. 
Removing the parenthesis we have, 

3 a — [2 a — a — 2]. 

Removing the brackets we have, 

3a — 2a + a + 2. 
Combining similar terms, we have, 

2 a -f 2. 

EXAMPLES FOR PRACTICE. 

Simplify, 

1. x^ — z^ — (a?* -|- y^ — z^^ Ans. — y^. 

2. a — tf + i — (a + (? — i)— d — c—a. 

Ans. a — c -{- d. 
8. 2a— J6 — [3a — (2i — a)] j. 

Ans. 6 a — 3 J. 

4. 6 a? — (4a;— [ — 3a; — j 2a;— a;— 1 j ]) 

Ans. 1 — 3 a;. 

43. To enclose any terms in parenthesis we observe the 
same principles. 

44, Suppose we wish to enclose in parenthesis the last three 
terms of the following expression, and have the + sign precede 

the parenthesis, 

x^ y -{- x^ y^ — X y^ -\- y^* 
^^ y + C^^ y^ — a; y3 -I- ^4 ). 
If the parenthesis is to be preceded by the — sig^, the sign 
of each term thus enclosed must l)e changed. 

x^ y-\'X^ y^ — ^ y ^ + y* 
a;8y — ( — x^ y^ +xy^ — y*). 
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45. Another example. To enclose the last three terms in 
parenthesis preceded by the — sign. 

Sx—2t/-^5z — ix 
3a?— (2y — 52 + 4 a:). 

In the first expression the sign of 2 y is — and if it is placed 
within the parenthesis the sign must be changed to +• ^^ is» 
however, omitted, as the plus sign is understood. 

MULTIPLICATION. 

46. Multiplication is a method of finding or expressing one 
quantity as many times as is indicated by the other or others. 

In Arithmetic the product of 4 X 3 is the same as 3x4. 
Similarly a X i = ^ X «• 

47. Monomials. First multiply together the coefficients; 
then annex the letters^ giving to each letter an exponent equal 
to the sum of the exponents of the factors. 

48. The sign of the product is -j" when the signs of the 
factors are alike and . — when the signs are unlike. 

49. Multiply 3 a 62 by 6 ^2 b. 

Multiplying the coefficients we have 18 for a new coefficient ; 
a X a2 z= aS imd b X h^ = b^- 

The product is 18 a^ b^. 

In multiplying the above we proceed as follows: a X «^ = «' 
because a^ = a X (^ and a X « X ^ = rt^. Similarly, 62 =: J x i 
and 6 X h X b = b^ . 

50. In multiplying letters we add the exponents. Thus 
dfi X «^ = «^« Again, c^ X c^ =^ c^. The same holds good if the 
exponents are letters. Thus, 

51. Another example. Multiply 5 a2 6»* a? by 3 a"^b^ x^. 
The new coefficient is 5 X 3 = 15. 

a2 X «"* = «2 + "• 

i« X 63 — J3 4- 1% 

X X x^ =^ x^ 
The product is 15 a^^ m 53 + n ^.i. 
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52. Multiply 6 a 62 ^ by — 2 6 ^8. 

The new coefficient will be 5 X — 2 = — 10. 
The product of the letters is ab^ c^ and the result, 

— lOaJs cK 

Had the sign of the first quantity been — the product would 
be 10 a 63 c*, because — 6 X — 2 = + 10. 

EXAMPLES FOR PRACTICE. 

1. Multiply 8 a;2 y by 7 a y. Ans. 56 ax^ i/^. 

2. Multiply — 3 a3 6»» by 4 i» c, Ans. — 12 a^ jm + » ^, 

3. Multiply — Ta^b'c^ hj —db'c^. 

Ans. 42 a3 ft2x^4 + «, 

4. Multiply 16 m7ix^ by — abc'^. 

Ans. — \6 ab c'^ mnx^, 

53. As any number of terms in a parenthesis is considered 
as a monomial the coefficient of the parenthesis is multiplied. 

Multiply 4 (a + 6) by 3 a. 

3 a X 4 = 12 a and annexing the quantity in parenthesis we 

have, 

12 a (a + i). 

54. Polynomials, Suppose we wish to multiply 7 + 2 by 4. 

Since multiplication is a short method of finding the sum of the 

repetitions of a quantity, 

7 + 2 

7 + 2 7 + 2 

7 + 2 or J 

7 + 2 28 + 8 = 36 

28 + 8 = 36 

55. Thus we see that we obtain the answer if we multiply 
both terms of the polynomial by the monomial. 

Multiply 3 a + 5 i by 8 a:. 

3a + 56 
82 



24 a a; + 40 6 a;. 

Multiply 23 a 62 _ 5 a- y _|- 3 a y _ 1 by _ 7 a a?« y. 

23a5a — 5a;y + 3ay — 1 

— *l ax^y 

— 161 o« 62 a^a y 4- 35 a x8 y2 _ 21 a« «« y« + 7 a «« y. 
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56. If both factors, or in other words if both multiplier and 
multiplicand, are polynominals we proceed in the same way; 
midtiply each term of the multiplicand by each term of the multi- 
plier and add the products. 

In performing: multiplication of polynomials the sis^ns are 
of utmost importance. 

57. Example. Multiply 4a — 3iby2a + 7i. 

4a — Zb 
2a + 76 



8 a« — 6 a 6 

+ 28a5— 21 6« 



8 a* + 22 a 6 — 21 6« 

58. Let US take another example. Multiply 4 a^ -\.2ab-\- 
i2 by4a2 — 2a6+62. 

Aa^ + 2ab +6« 
4 a« — 2 a 6 + b^ 



16 a* + 8 a» 6 + 4 a« 6« 

— 8 a» 6 — 4 a2 62 — 2 a 6» 

+ 4 a2 62 4. 2 a 6« + 6* 



16 a* + 4 a2 62 + 6* 

16 a* + 4 a* 62 + 6* Ans. 

59. If some of the terms are figures the same rules are fol- 
lowed. Multiply 1 — 5 X — S x^ -\-2 x^ bySrr — 5. 

1 — ox — 3x2-f2x« 
3x — 6 



3 X — 15 0^2 _ 9 a^ _^ e a^ 
26 X + 15 x2 — 10 x» — 5 



28 X — 19x«4-«x* — 5 

28 « — 19 x» + 6 X* — 5. Ans. 

60. In Algebra it is customary to arrange the terms in the 

answer, and also sometimes in the example, so that the first term 

will be -|- and the exponents will be either an ascending or 

descending scale. Thus in the above problem we should write 

the answer. 

6a;4 — 19a:8+28a: — 5. 

61. If the product of three factors is to be found, first 
multiply together two of them and then multiply the product by 
the third. 



A 
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62. Example: Multiply together, a + i> «^ — a i 4" ^*f 
a» — *«. 

a« — a 6 + ^* 
a +b 

a^ — a^b + ab^ 
+ aS 6 — a 62 + 6« 

Now multiply this product by a^ — {•• 

a» + 6« 
a» — 6» 



a« + a» 6« 
— a* 6» — 6« 

^ ^^ 

a* — &•. Ann. 

63. The product of two or more quantities may be indicated 
by enclosing them in parenthesis. Thus the above example would 
be written. 

Qa + b') (a^ —ab-^ 62) (a« — 58). 

* EXAMPLES FOR PRACTIC& 

Multiply the following : 

1. a; + y '^y ^ — !/' Ans. x^ — y*. 

2. 2 a? — 3 by 3 a; + 2. Ans. 6 a;2 _ 5 a; — 6. 

3. 6 w — 4 by 3 7/* — 2. Ans. 18 w^ — 24 w + 8. 

4. 3a2— a — 2by3 a + 2. Ans. 9a8 -f 3 a2 — 8 a— 4. 

5. 2 7»2 _|. 9 ^ _ 5 by 3 m2 _ 7 w + 4. 

Ans. 6 w* + 13 w8 — 70 w2 -}. 71 ,it _ 20. 

6. Find the product 

(3 a2 — a — 2) (a + 1) (3 a — 2). 

Ans. 9 a^ — 13 a2 + 4. 

DIVISION. 

64. The process of finding one of two factors when the 
product and one factor are known is called Division. Thus we 
see that division is the convei-se of Multiplication. 

65. The product is called the Dividend. 

66. The given factor is called the Divisor. 
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67. The result or the other factor is called the Quotient. 

68. As in multiplication, like signs give -|- and unlike signs 

If the divisor and dividend are both + the quotient is +• 
If the divisor and dividend are both — the quotient is +• 
If the divisor is -j- and the dividend — the quotient is — . 
If the divisor is — and the dividend + the quotient is — . 



&9. Divide 16 a i by 8 a. 

16 a 6 

8a 



= 2 5. 



Monomials. To find the coefficient of the quotient, divide 
the coefficient of the dividend by the coefficient of the divisor. 

70. To find the exponent of any letter of the quotient, 
mbtract the exponent of the letter of the divisor from the 
exponent of the letter of the dividend. 

71. Divide 27 a^ h^ by 8 a^ h. 

To find the coefficient of the quotient we divide 27 by 3. 
27 -f- 3 = 9. 

Now we subtract the exponent of a^ from that of a^ and ob- 
tain 1 as a result because 3 — 2 = 1, and any quantity with the 
exponent 1 is the quantity itself, a^ = a. 

Subtracting the exponent of b from that of b^ we get 2 be- 
cause 8 — 1 = 2. Hence the exponent of b should be 2. The 
entire quotient is 9 a 62, 

72. In Multiplication we add the exponents and in Division 
we subtract them. 

Divide a^ by a^. 



a^ 



= a^ ; because 5 — 2 = 3. 



a^ 



73. Another example. Divide 36 x^i/ 2* by - - 4 n? y «• 

-— ^ = — 9 X z^. 

— ^ X y z 

In this case the sign of the quotient is — because the signs 
of the dividend and divisor are unlike. The exponents of y are 
the sdme, hence they cancel. 



i 
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74. The process of dividing a polynomial by a monomial is 
very simple. Consider the polynomial made up of several mon- 
omials ; divide each monomial by the divisor. In doing this pay 
careful attention to the signs, remembering that like signs produce 
-|- and unlike — . 

75. Divide 12 a;^y« — 16 a:^ y» + 20 a:« y* — 28 a:^ yS by 
4 x^ y^. 

4 X* y« )12 X* y« — 16 a^ y^ + 20 z^ y* — 28 a^ y« 
3y8— 4zy2 4.5jc2y_-7aAy* 

76. Another example: Divide 15 a"* i*» c"^ — 35 a"*+2 52** ^ 
by 5 a*" 6** c. 

6 a»» 6» c)16 a*»» 5» c»* — 35 a"* +^ 6** c. 



BXAHPLES FOR PRACTICE. 



1. Divide 20 x^y z -\- 15 x y z^ — 10 a:2 y by — 5 a? y. 

Ans. — 4 x^ z — 3 28 -|- 2 a;. 

2. Divide 9 a* + 27 «« — 15 a^ _ 6 a by 3 a. 

Ans. 3 a8 + 9 «« — 5 a — 2. 

3. Divide — 75 m^7i -|- 30 m^n^ — 15 m^n by 15 m^n. 

Ans. — 6 m^ -\- 2 m n — 1. 

77. Polynomials. We have seen that the division of 
monomials is similar to short division in Arithmetic. The divi- 
sion of polynomials is like long division in Arithmetic. 

78. Let us take an example. Divide a^ — 3 a^ y -^ 3 a y^ 
_ y8 by a2 — 2 a y -|- y2. 

First we should write the divisor and dividend as in long 
division in Arithmetic. 

a« — 2ay + y^)a' — 3a2y + 3ay2 — y«(a — y 

tt« — 2 a^ y 4- a y2 

— a2y4-2aya — y« 

— a2 y -f 2 a y2 — y» 

To find the first term of the quotient divide the a^ by a^. 
_ = a. Hence a is first term. Now we multiply each term in 

the divisor by a and after placing the results under similar terms 
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of the dividend we subtract. We then divide — a^y hy a^ and 
get — y for the next term. Multiplying again by — y we find 
that the terms are the same as those brought down. 

79. Let us take another example. Divide 2 a^ b — 2 a b^ 
by ab — b^. 

a 6 — 62 ) 2 rtS 6 — 2 a 63 ( 2 a-^ -f 2 tt 6 
2 a« 6 — 2 a2 52 

2 a-* 62 — 2 a 6^ 
2 a^ 62 — 2 a 68 



As before we divide 2a^b by a b and obtain 2a 2 for the first 
terra of the quotient. Now multiplying both terms of the divisor 
by 2a^ we get2a^6 — 2a^b^, The 2 a^ 6 cancels but we have 
no quantity similar to — 2 a^ b^ so we bring it down with the 
sign changed. The new dividend is 2 a^b^ — 2 a b^ and we 
find that the divisor is contained in it 2ab times. 

80. Divide m^ — 1 by w — 1. 

m — 1 ) m* — 1 { m^ •\- m^ •\- m -{• 1. Ans. 
m* — m' 



+ 


m^ 


— 


1 








+ 


m^ 


— 


m2 












+ 


Wi2 




1 








+ 


W|2 




m 

m 
m 


— 1 

— 1 



If the dividend is not exactly divisible by the divisor, the remainder 
should be placed over the divisor and connected to the quotient by the 
proper sign. 

EXAMPLES FOR PRACTICE. 

1. Divide a* + 4 c* by ^2 — 2 a c + 2 c^. 

Ans. a2 ^ 2 a c + 2 (?2. 

2. Divide x^ -\- 4 x^t/^ -|- 3 y* by a; -f 2 y. 



Ans. x^ — 2 x^g -\- S x y^ — 16 yS _|_ 



35 y4 
x-\-2y 
8. Divide 10 a^ — 20 a^ x -\- 30 a;3 by a + x, 

Ans. 10 a2 _ 30 a a; -f 30 x^. 
4. Divide2c4~3 c^ — 12 — 4c^ — llchy 2c^-\-c-\-i. 

Ans. (?2 — 2 (? — 8. 
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CANCELLATION. 

As shown in Arithmetic, cancellation often shortens the work 
and a few rules concerning its use will now be given. 

81. Case I. Suppose we have the expression 

18 X 6 X 10 X 2 



24 X 3 

We can perform the cancellation thus, 

6 15 1 
;)* X X ;0 X 2 



= ? 



2. 



= 30 



1 

82. If the signs in the numerator had been -{- instead of X 
we could not have cancelled as above. When we cancel we 
simply divide out factors. Now if these quantities are connected 
by the plus sign, we cannot cancel out a factor unless it is 
contained a whole numl)er of times in every qiuantity so connected. 

For instance let us take the expression: 

18 4- 6 -f - 10 + 2 _ ^ 

2rx 3 

83. In the numerator, 2 is contained a whole number of 
times in each quantity. Also, 2 is a factor of one quantity, (24), 
of the denominator. Hence we divide each quantity of the 
numerator and one quantity of the denominator by 2. Thus, 

9 3 5 1 

;g 4, (} 4. jp 4. 2 __ 9 + 3 4- 5 + 1 _ 18 __1_ 

^^ X 3 12^~3 36 "2" 

12 

84. Hence we may say, when the quantities, (letters or 
numbers) of the numerator are connected by the -|- (P^' — ) 
sign, and those in the denominator by the X sign: Cancel the 
same factor from each quantity of the numerator as from one 
quantity of the denominator. 

85. Case II. Suppose we have the expression, 

18 X 6 X 10 X 2 _ y 
24 4- 3 

We see that this case is exactly the reverse of the preceding. 
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The factor 3 is contained in both 24 and 3 of the denominator 

and in 18 of the numerator. We cancel as follows : 

6 
;^ X 6 X 10 X 2 ^ 6 X 6 X 10 X 2 ^V20 ^ g^ 

U-h'^ 8+1 9' 

8 1 

86. In regard to this case we may say; when quantities in 
the numerator are connected by the X sign and those of the 
denominator by the -|- or — sign : Cancel the same factor from each 
quantity in the denominator as from one quantity of the numerator. 

87. Cask III. Again, suppose all the signs are either -J- 

or — 

6 — 9 + 81—3 __ ^ 

27 + 18 

First, we must see if there is some factor contained in eacli 

quantity. We see that 3 is the factor. Then we can cancel as 

follows : 

2 3 27 1 

^ — ^ + ^I — ?^ _ 2 — 3 + 27 — 1 _ 25 ^ 5 

pr+"P M^^~6 15 ""3^ 

9 6 

88. When the quantities in l)oth the numerator and denom- 
inator are connected by the + (or — ) sign : Cancel the factor or 
factors which are cmitained in every quantity. 

89. We may have examples containing both letUus and 
figures but the principles governing the cancellation an», the same, 
that is, if letters occur in lK)th the numemtor and the denominator 
they may be cancelled in the same manner as figures. 

Let us consider the expression, 

16 + 3 + 2 — 15 ^ ^ 
3_^"2 +5 

90. We cannot cancel because there is no factor (except 1) 
which is contained without a remainder in every quantity. How- 
ever, in the following expression cancellation greatly simplifies 
the work. 

1 1 ^^ ^^ 

^ X 7^ X 2^ X .40 _ 1 



;; X ? X ;i X ;i^ X ?5- i 

1 1 1 5^1 ^ 
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EQUATIONS. 

91. When two expressions are equal to each other, they may 
be written with the sign of equality between them. The whole 
expression is called an equation. Thus, 

92. The first member is the expression on the left of the sign 
of equality and the seeand member is the expression on the right. 
The members are also called sides. 

93. In the above equation a + 2 6 + .?; is the first member, 
and m -\- 4 n the second. If we should change any quantity such 
as a to the other side it would mean that a is written on the right- 
hand side instead of on the left-hand side. 

94. Since an equation is an expression of equality, the sum 
of the quantities on the left-hund side of the sign of equality is 
equal to the sum of those on the right-hand side. In other words, 
the first member is equal to the second. 

In the equation, 

let a = 3, 6 = 2, 7w = 6 and w =i 1 . 
Substituting these values we have, 

a + 2b = wi + n 
8 + (2X2) =6+1 
3 + 4 =6+1 
7=7 

Suppose now we add 8 to each side of the equation ; the re- 
sult is, 

a + 2b+ 3=m + n + 8 
8+4 +8=6 + 1+8 
15 = 16 

We see that the first member is still equal to the second. 
Now let us divide each side by a which equals 3. 

a_+_2_M-_8 __ m + n + 8 
a a 

3 + 4 + 8 _6 + l+8 



— = — or 5 ss 
8 8 
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95. Thus we see that if the same quantity is added to 
both sides^ or if both sides are divided by the same quantity^ the 
first member is still equal to the second. Similarly, it can be shown 
that if the same quantity is subtracted from both sides or if both 
sides are multiplied by the same quantity, the left side of the 
equation is equal to the right. 

96. Suppose, a = 6, 6 = 4 and <j = 2, and we wish to find 
the value of the expression, 

a '\'b — 3 tf. 

In such cases we write it as an equation with the unknown 
quantity represented by x. Thus, 

X z=i a '\- b — 3<?. 

The expression means that x is equal to a 4" ^ — 8 tf . 
Then, 

x=a + 6 — 3 c. 
x = 6+4 — (3X2) 
a; = 6 +4 — 6 
a:=:4 

We have found the value of x or in other words we have 
solved the equation. 

91. Another example : Find the value of x from the equation. 

X = — , if a = 3, 6 = 5, and (? = 2. 

21 

Replacing a, b and c, by their respective values, 

^- (6X3)+ (5X2) 

2X5 

18 + 10 
X = 

10 
X = 2.8 Ans. 

9%. Suppose an engine makes 125 revolutions per minute 
and develops .4 horse-power per revolution, what is the total 
horse-power? 

As the total horse-power is the unknown quantity, we will 
let it be represented by x. The known quantities, 12 5 revolutions 
and .4 horse-power, can be represented by a and b respectively. 
Thus, 

a ^ 125 revolutions. 5 = .4 horse-power. 
x = the total horse-power. 
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We know that the total horse-power is equal to the number of 
revolutions multiplied by the horse-power per revolutiony or, 

a? = a X i- 
a; = 125 X .4. 
a? = 60 horse-power. Ans. 

99. Equations are not always written with x representing 
the unknown quantity, any other letter may be used. 

TRANSPOSING. 

100. There are many equations in which the unknown quan- 
tity is not alone on the left-hand side ; it frequently happens 
that it is among several known quantities on the right-hand side. 
In such cases it is usual to rewrite the equation so that the un- 
known quantity will be alone on the left-hand side. To do this 
quantities must be transposed from one side to the other. 

101. Let us consider this equation, 

a = c — X, 
If we subtract a from both sides we will have, 

a — a = <? — a — x* 
Now let us add x to both sides, 

a — a-{-a;=c — a — a?-j-a;. 
We know that a — a = o and — x and -}- x cancel, hence 
we may write ; 

X = c — a. 

102. In brief, we have transposed the x to the left-hand 
side, transposed the a to the right-hand side (because a known 
quantity) and let the c remain on the right-hand side (because a 
known quantity). 

103. It will be noted that in changing the x to the other 
side, the sign Is changed. Also the sign of the a is now — in- 
stead of -|-. The sign before c is the same as befoi-e. 

104. Any term may be transposed from one side to the 
other by changing the sign. 

105. Let us consider this equation, 

5x'\-Sab = 2x'\-Sab'\-m. 

Here we have terms containing x on both sides. First we 
(dace the 2 a; on the left-hand side with its sign changed. 
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Sx + Sai — 2a:z=3ai + m. 
Next we write the S a b on the right-hand side tcith iU ttiffH 
changed. 

5 X — 2 X = S a b — S a b '\- ni. 
Combining like terms, 

S X =z m. 

Since 8 a? = wi, one x equals m -7- 3 or a: = --• 

o 

106. In other words to find the value of x we divide by the 
coefficient of x. 

XoTK. In solving problems, be careful to make a distiuotiou between 
the letter x and the multiplication sign X. 

EXAMPLES FOR PRACTICE. 

1. Find the value of x in the equation, 8a: — 12 = 6a:4-*l» 

Ans. a; = 8. 

2. Solve the equation, 37 a: — (4 + 7) = 41 a: + 25. 

Ans. a: = — 9. 

3. Find the value of x in the equation, 
2aa:-|-^ = 3(? — k> a x -\- 2Q d 

a = 3, (? = 8 and d — 1. Ans. a; = 2. 

4. Solve the equation, 

7a; — a6 + <? = 3a; + 12. 
a z= 5, 6 = 3 and (? = 7. Ans. x = 5. 

107. Let us consider another equation: 

^j^ c = a^ —b^, 
a 

First we transpose c to the right-hand side. 

iL = a2 _ J2 _ c. 
a 

To obtain x alone, we must multiply lM)th Hides by a, 

— X a = a (a^ — b'i •— c). 
a 

or, X ^=z a'^ — a b*^ — a c, 

108. The left-hand side of the equation showH that multi- 
plying a fraction by the denoviinator givers tin; nuuKU'ator as a 

result, that is, — X « = i^'. Similarly if w(5 have the fiuction '- 

a 8 

and multiply it by 8 we get the numerator 3 a« a result. 
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3a; 

109. We find the value of x from the equation — = 9 by 

multiplying both sides by 4, and then dividing by the coefficient 

of X. 

3 a: = 9 X -i = 36, 

3 2^= 36 

36 -rt 
a: = — - = 12. 

3 

1 10. Consider the equation, 

a -\-^ a X — (7 = 36 — 3a 6. 

First, we place a and c on the right side with the signs 
changed, that is we transpose the terms. 

2 a a? = 36 — Z ah — « -j- t\ 

From Art. 11 it is evident that 2 a is the coefficient of x\ 
hence we divide both sides by 2 a. 

36 — 3a6 — a + c 
a? = ! 

2 a 

111. Stated in words: The terms on the left-hand side 
which do not contain the unknown quantity should be placed on 
the right-hand side with the signs changed and all quantities in 
the same term with the unknown quantity should be transposed 
by multiplying or dividing both sides of the equation by them. 

112. Find the value of P from the following formula : 



=^ 



^^^ -, when A = 11, B = 1.71, and C = 1.3. 



1-4 (B + ^) 



Solution : 



P = ' Al X 1.71 X 2i3 

Vi.4ri.7i 4-4ii 



(1-71 + f li) 



=;/ 



24.453 



1.4 X 73.308 

= y .238 = .619 + Ans. 

113. In solving equations remember the rule : 
Terms containing unknown quantities may he transposed to the 
Ipft'haml side of the equation hy changing the signs. Terms con- 



ELEMENTARY ALGEBRA. 27 



taining knotan quantities may be trayisposed to the right-hand side 
by changing the signs. 

To find the value of the unknown qiuintity divide the rights 
hand side by the coefficient of the unknown quantity. It is readily 
seen that equations may be solved if the unknown quantity is on 
the right side. Thus 2 = j; is the same as x = 2. It is better 
to leave the unknown quantity on the right side, if changing it 
necessitates many changes in the known quantities. 

EXAMPLES FOR PRACTICE. 

1. What is the value of x in the equation, 

^4_2 (3 + 4) =6—3 + 24? Ans. a: = 89 

3 

2. Find the value of x from the equation, 

6ax4-Sa^ = Sa — Sab Ans. x = __ T^^HL, 

^ 2 

3. What is the value of a: in the equation, 

Sa + 2b — x-=6? Let a = 2 and b = 1 Ans. x=2 

4. What is the value of x in the following equation, where 
a z= 3, 6 = 2, and c* = 1 ? 

2x—b z=20 + x — 3a(? Ans. ^ = 13 

5. If a = 5, 6 = 2, and c = 3, what is the value of the 
equation, 

a; + 4ar=21 + 2^ + -— ? Ans. x=:2 

^ ^ ^ 2c 

114. Suppose we have the equation, 

^^ PLAN 
~ 33,000 ' 

in which H = 50 horse-i)ower, P z= 49.12 pounds, L = 1.] fe(!t, 
and A = 113.1 square inches. The value of N is unknown but 
may be found by solving this e([uation. 

PLAN 

We know that if H =: , we can write it thus: 

33,000 
33,000 H = PLAN or PLAN = 33,000 II. 
This is the same as multiplying both sides by 33,000. 
Now we may consider PLA the coefficient of N; 

V 33000 H 
""^-PLA- 
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In other words we have placed the PL A on the other side. 
By substituting the values given above we may solve fpr N. 

33000 H 



N = 



PLA 

33000 X 60 



49.12 X f X 113.1 
= 198 + , 

115. Suppose we wish to find the value of a in the following 
equation when 6 = 2, c = 3, ti = 4, and'« = 5. 

6 be =z a '\- \d 4- e 

We can re-write the equation in order to get a upon the left 
side^ thus, 

a + v'^ -}- « = Qbc 

a = Qbc — \ d '\- e 

a = 6 X 2 X^3 — v/T+5 
= 36 — v' 9" 
= 36 — 3 
= 38 

We place the y^ + ^ ^^ ^^® right-hand side of the equation 
with the sign changed. If the sign before the radical had been 
— instead of -\- we would have changed it to plus, thus, 

a = 6 6 e 4- V^ + ^ 
When solving examples it often gives a more accurate answer 
to simply indicate operations instead of actually performing them. 

116. Suppose we wish to obtain the value of the expression, 

4/(v^i90)2+10. 

We might perform the work by first extracting the square 
root of 890, which is approximately 29.83. The above expression 
would then become, 

V'(29.83) 2 4- 10 
If now we continue the operations as indicated, we shall 
have, 

V^889.8289 + 10 

V/899.8289 
29.99 + 
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117. Now suppose we take the same expression, 
i /(v'SOO) ^+ 10 and simplify it in another way. 

We will not extract the square root of the quantity 890 as 
before, because the %quare of the square root of 890, is 890. 

Hence, for the quantity (^890) ^ we may write 890. The expres- 
sion then becomes V^890 -|- 10 or v/900, the value of which is 30. 

It is seen that by one method we get 29.99 -\- as the result 
and by the other method we get 30. The latter result is the exact 
one, and at the same time the operation is more simple. 

118- Suppose we have the equation, 

W = .0033 X 10-7 X n 

We can write it thus, 

W = .0033 X jly X n 

Now, any quantity having an exponent preceded by the 
minus sign, as a~2 can be written as a fraction. The quantity 
is placed in the denominator with the sign of the exponent 
changed; the numerator being 1. Thus, 



a-2 — 


1 
a2 


; a:-' - \; 10-8 = 


1 
108 


- 


1 


i* ^^— 


100,000,000 


We 


can 


write the above equation, 












W - .0033 X . . "^ 


y\ ^-» /\ 


X 


n. 



10,000,000 
If the value of n is known the equation can be readily solved. 

EXAMPLES FOR PRACTICE. 

Solve the following equations r 

1. 35 a:— 3(4+6) = 30 a:— 5. Ans. a: = 5. 

2. 6 a:— (6 +3 a:) = 12 + a: — 14. Ans. a; = 2. 

3. Given the equation 3a — 26a:=14 + 3a — (4(?— 22). 

a = 4, 6 = 3 and c = 3. 

Ans. a: = — 4. 

4. Given the equation 6 a: — — - +tf = 4a6 + 4(?. 

a-* 

a = 2, ft = 5 and c =: 4. 

Ans. X =s 22. 
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HENSURATION. 

119. Mensuration is the branch of mathematics which treat* 
of the measurement of geometrical figures ; that is, measurements 
of length, area and volume. 

PRELIMINARY DEFINITIONS. 

LINES. 

ft 

120. A line has length only ; it is produced by the motion 
of a point. 

121 • A straight line is one that has the same direction 
throughout. It is the shortest distance between two points. 

122, A curved line is one that is constantly changing in 
direction ; it is sometimes ctdled a curve. 

123. A broken line is one made up of several straight lines. 
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STRAIGHT LINK. CUItVED LINB. BROKEN LINE. PARAXXEL LINES. 

124. Parallel lines are lines which lie in the same plane and 
are equally distant from each other at all jx)ints. They cannot 
meet, however far they may be produced (that is, extended in 
either direction.) 

125. A horizontal line is one having the direction of a line 
drawn upon the surfiice of water that is at rest. It is a line 
parallel to the horizon or sea level. 

126. A vertical line is one that has the direction of a thread 
suspended from its upper end and having a weight at its lower 
end. It is a line perpendicular to a horizontal line. 

127. An oblique line is a line that is neitlier vertical nor 

horizontal. 

128. In order to distinguish between lines, they are lettered. 
Thus if one end of a line is marked a and the otlier end b we caU 
it " the line a J '* or " the line b a." 

SURFACES. 

129. A surface has two dimensions ; length and breadth* 
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130. A plaiie surface is perfectly flat A stniight edge 
placed in any direction on a plane surface will be in contact at 
every point. 

131. A curved surface is a surface no part of which is phuie. 

132. A plane figure is a combination of lines all of which lie 

in a plane surface. 

ANGLES. 

133. An angle is the difference hi direction of two lines. 
The lines are called the sides and tlie point of meeting is called 
the vertex. The size of an angle depends upon the lunount of 
divergence of the sides and is independent of the length of tliose 
lines. 




lUGHT ANGLE. ACUTE ANGLE. OBTUSE ANGLE. 

134. If one straight line meets another (at some point not an 
extremity) and the two angles thus formed are equal they are 
right angles and the lines are perpendicular to each other. 

135. An acute angle is less than a right angle. 

136. An obtuse angle is greater than a right angle. 

137. Acute and obtuse angles are sometimes called oblique 
angles. 

138. Angles are distinguished by placing letters on the lines 
forming the sides and at the vertex. Suppose the letter A is 
placed at the vertex and the letters B and C on the sides ; wc; 
would read the angle as " the angle B A C " or " the angle C A B." 
The letter representing the vertex must be placed V^twcen those 
representing the sides. If but one letter is used it should be 
placed at the vertex and the angle is then designated as " the 
angle whose vertex is A " or simply "the angle A." In writing, 
the sign Z is often used in place of the word " angle." 

139. As two right angles are formed when one line meets 
another (see Art 134), we know that 
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The sum of all the angles about a point on one side of a straight 
line is equal to two right angles. 

140. It also follows that the sum of all the angles about 
any point is equal to four rX^ht ansfles. 

141. Consider the angles about the point O; angle AOC 






-{- angle C O D + angle DOB is equal to two right anglea 
Angle A O E -}- angle E O B is equal to two right angles. 

ZAOC + ZCOD+ZDOB + ZAOE + ^EOB = four right angles. 





PENTAGON. 



HEXAGON. 




OCTAGON. 



142. When two lines intersect they form four angles. 
The angles AOC and A O D are called adjacent angles because 

D^ they have the same vertex O and the 

line A O is common, that is, it forms 

a side of each angle. The angles 

AOC and DOB are opposite angles. 

From Art. 189 it follows that 

Z A (_) C + Z A () I) = two right angles. 

It may also be proved that ZAOC = ZDOB. 




POLYGONS. 



143. A polygon is a plane figure bounded by straight lines. 

144. The boundary lines are called the sides and the simi of 
the sides is called the perimeter. 
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145. Polygons are classified acconliiig to tlio niuulxu* of 
sides. 

A triangle is a polygon of thre*i sides. 
A qaadrilateral is a polygon oifour sides. 
A pentagon is a polygon of fire sides. 
A hexagon is a polygon of six sides. 
A heptagon is a polygon of seven sides. 
An octagon is a polygon of eight sides. 
A decagon is a polygon of ten sides. 
A dodecagon is a polygon of ttcelve sides. 
An equilateral polygon is one all of whose sides are equal. 
An equiangular polygon is one all of whose angles are equal. 
A regular polygon is one all of whose angles are wjual luid all 
of whose sides are equal. 

TRIANGLES. 

146. A triangle is a figure enclosed by three stniight lines. 
The bounding lines are the sidea^ and the ])()ints of intersection of 
the sides are the vertices. The angles of a triiuigle are the luigles 
formed by the sides. 






RIOHT-ANGLKD TRIANGLE. ACUTE-ANGLED TRIANCiLK. OBTUHB-ANGLKI) TKIANOLK. 

147. A right-angled triangle, ofU^n callccl a right triangle, is 
one that has a riglit angle. Tlu^ longest si<l(? (the one opposite 
the right angle) is called the hypothenuse and the other lines jire 
called sides or legs. 

148. An acute-angled triiuigle is one that hjis all of its angles 
acute. 

149. An ohtuse-angled triangle is one? that has an obtuse 
angle. 

150. In an equilateral triangh* all of the side's are (^(jual. 

151. If all of the angles of a triangle are ^*qual, the figure 
is called an equiangular triangle. 
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152. A triangle is called scalene when no two of it^ sides 
are equal. 

153. In an isosceles triangle two of the sides are equal. 

154. The base of a triangle is the lowest side; it is the side 
upon which the triangle is supposed to stand. Any side may, 
however, be tiiken as the base. In an isosceles triangle, the side 






EQUILATERAL T&LANGLE. 



ISOSCELES TRIAKGLK. 



SCALENE TRIANGLE. 



which is not one of the equal sides is usually considered its the 
base. 

155. The altitude of a triangle is the perpendicular drawn 
from the vertex to the base. In some triangles it is necessary to 





BASC 



BASC 




produce the base so that the altitude may meet it. In a right 
triangle one leg may be considered as the base and the other the 
altitude. 

J), 156. Let us consider Fig. 1. 

/ Fu-st produce (extend) B C to any 

/ point such {\s E and draw C D parallel 

to B A. It may l>e proved that angle 

' '€ A B C is equal to angle DCE and 

B A C equal to A C D. The angle 
A C B is of course equal to itself. Adding we have, 

ABC + BAC + ACB=:DOE + ACD + ACB 

But since the sum of the angles about a point on one side of 
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a Btmght line is equiil to two light iingleH (see Art. 139) we have, 

DCE4-ACD + AC B = two right angleii; 
therefore ABC + UA,C + ACB = two right angles. 

157. Hence we may say that the gum of all the anglet of any 
triangle i» equal to two right angles, 

158. The Right Triangle. If iii the right triangle A U V- 
the aide A B is 3 inches long, and tlie side A C is four inches long 
tlie side n C (tlie hypotlienn»e) is ft inches long. 

By considering the iiccoinpai lying figure we find Uiat the 
square ABED constructed on A B cuntauis 9 wiuares. The 
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square L C A M constructed ( 
square C K<i B constructed oi 



1 A C contains 16 squares and the 
B C contiiins 25 squares. Now, 



0+16 = 25 
a'' + 4" = 6* 
Xu'+Xc'= Fc' 
159. Then we may say : The square of the ht/pothenuse ia 
equal to the sum of the squares of the other two tidet. This state- 
ment is true for all right-angled triangles ; it does not, however, 
apply to triangles otlier than right. 

This principle is very useful for finding the lengtlts of various 
lines. 

Example. A right triangle has sides 6 inches and 10 inches 
long respectively; what is the length of the hyixithenuse ? 
63 + 103 ~ mpiare of hyixithenuse. 
36 + 100 =: 136 

V'136 rz 11.66 4- inches. Ans. 
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160. Suppose we know the length of the hypothenuse and of 
one short side. We find the length of the other short side by 
means of the above. 

Example. The hypothennse of a right triangle is 24 feet long 
and one of the short sides is 9 feet. How long is the other short 
side? 

242 — 92 1= the square of the requued side. 
670 _81 =495 

V^495' = 22.248 + feet. Ans. 

Example. One side of aright triangle is 15 inches; if the 
hypothenuse is 21 inches, what is the other side? 

21 2 — 152 =. the sc[uare of the other side. 
441 — 225 = 216 

V^21B~ = 14.696 + inches. Ans. 

EXAMPLES FOR PRACTICE. 

1. One dide of a riglit triangle is 8 feet and the other is 
9 feet ; what is the length of the hypothenuse ? 

Ans. 12 feet (about). 

2. The hyix)thenuse of a right triangle is 18 inches and one 
side is 3 inches ; wliat is the other side ? 

Ans. 17.748 + inches. 

3. The two sides of a riglit triangle are 16 and 21 feet 
respectively. Find the length of the hypothenuse. 

Ans. 26.4 feet. 

4. The hypothenuse of a right triangle is 23. What is the 
length of the other two sides if they are equal? 

Ans. 16.263. 




QUADRILATERAL. TRAPEZOID. PARALLELOGRAM. 

QUADRILATERALS. 

161. A quadrilateral is a phuie figure boimded by four 
straight lines. 
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The diagonal of a (j[iiiulrilaieral is a st might luie joining two 
opposite vertices. 

162. A trapezium is a quadrihiteral, no two of whoso sides 
are parallel. 

163. A trapezoid is a quadrilateral having two sides pandlel. 
The parallel sides are called the haseB and the j)erpendiculrtr 

distance between the Ixises is called the altitude, 

164. A parallelogram is a qnadrilatend whose opiK)site sides 
are parallel. 

The altitude of a parallelogram is the i)erpendicnlar distiuice 
between the bases, which are the parallel sides. 

A diagonal of a pamllelograni divides the i)arallelograni into 
two equal triangles. 



RBCTANOLR. 



SQUARK. 



KIIOMIItrH. 



There are four kinds of parallelograms. 

165. A rectangle is a parallelognim whose angles are right 
angles. 

166. A square is a rectangle, all of whose sides are equal. 

167. A rhombus Ls a parallelogram wlii(;h has four e^ual 
sides ; the angles, however, are not right angles. 

168. A rhomboid is a parallelogrtim whose adjacent sides are 
imequal; the angles are not right angles. 

CIRCLES. 

169. A circle is a plane figure Ixiunded by a curved line, 
every point of which is ec^ually distant from a point within, called 
the center. 

170. The curve which Ixjunds the circle is called the cirfnim- 
ference. Any jjortion of the circumftjrenre is called the? arc. 

171. The diameter of a circle is a straight line dniwn 
through the center and terminating in the circumference. A 
radius is a straight line joining the (-enter with the circumf(;rence; 
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it has a length equal to one-half the diameter. All radii (plural 
of radius) are equal since every point of the circumference is 
equally distant from the center. All diameters are equal because 
a diameter is equal to two radii. 

172. From the above it follows that two circles are equal 
when they have equal radii ; if one circle is placed on tlie other so 
that the centers are in the same position, the circumferences will 
coincide. 






CIRCLE. 



173. An arc equal to one-half the circumference is called a 
semi-circumference. A quadrant is one-quarter of a circumference. 
A quadrant may mean the sector, arc or angle. 

174. A chord is a straight line joining the extremities of an 
arc. It is a line drawn across a circle that does not pass through 
the center. 






CONCENTRIC CIRCLES. 



INSCRIIIEI) POLY<;ON. 



175. A secant is a straight line whi(?h intersects the circum- 
ference in two points. 

176. A tangent is a straight line wliich touches the circum- 
ference at only one point. It does not intersect the circumference. 
The point at which the tangent touches the circumference is called 
the point of tangency or point (f contact. 

It may be proved that a tangent is jMTpendit'ular to the 
extremity of a radius. 

177. A sector of a circle is the portion or area included 
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between an arc and two radii drawn to the extremities of the arc. 

178. A eegment of a circle is the area included between an 
arc and its chord, 

179. Circles are tangent when the circumferences toucli at 
only one point and are concentric when they have the same center. 

180. An inscribed polygon ia one whose vertices lie in the 
circumference and whose sides are chords. 






/OJ,J°lS 



181. An inscribed angle is an angle whose vertex lies in tlie 
circumference and whose sides are chords. It is measured by one- 
half the intercepted are. 

182. A central angle is an angle whose vertex is at the 
center of the circle and whose sides are radiL 

MEASUREMENTS. 
ANGLES. 

183. To measure an angle, describe an arc of any convenient 
radius having the center at the vertex of the angle. The arc in- 
cluded between the sides is the 

measure of the angle. With a 
given radius, the gi-eater the diver- 
gence, the longer the arc. If 
several arcs are drawn having dif- 
ferent radii, the intercepted arcs 
will have different lengths hut they 
will all be the sa7ne fraction of 
the entire circumference, 

184. To state the size of 
an angle as a fraction of the 

circumference is not always convenient, hence the entire circum- 
ference is divided into 360 ee[ual parts called degrees. Angles 
are then measured in degrees. If an angle is measured by ^ of 
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the circumference it contains 60 degrees, because ^^ =: 60. An 
angle of 45 degrees is measured by ^ of the circumference. 

185. For accurate measurement each degree is divided into 
60 equal parts called minutes and each minute into 60 equal 
parts called seconds. 

The symbols of degrees, minutes and seconds are °, ', "y 
respectively. To express 23 degrees, 47 minutes and 9 seconds, 
we write 23° 47' 9". 

186. According to Art. 139, if lines are perpendicular to 
each other, right angles are fomied. A right angle is measured 
by ^ the circumference, hence it is measured by an arc of 90° 
since ^|^ = 90. 

187. Two angles are complementary when their sum is 
equal to one right angle or 90 degrees ; they are supplementary 
when their siun is 180 degrees. Thus, an angle of 33 degrees is 
the complement of one of 57 degi*ees because 33 -j- 57 = 90 or 
90 — 57 = 33. 

Angles of 148 degrees and 32 degrees are suppleraentiiry 
because 148 + 32 = 180. 

EXAHPLES FOR PRACTICE. 

1. How many seconds in 180 degrees? Ans. 648,000. 

2. How many right angles in 202° 30'? Ans. 2|. 

3. What is the complement of 37° ? 

4. What is the complement of 11° 47' 3" ? 

Ans. 78° 12' 57". 

5. What is the supplement of 131° 4' 27" ? 

Ans. 48° 55' 33". 

6. One angle of a scalene triangle is 17° ; another angle is 21°. 
What number of degrees is the third? 

Ans. 142°. 

7. The vertical angle between the equal sides of an isosceles 

triangle is 25 degi*ees. How many degrees in each of the base 

angles ? 

Ans. 77° 30'. 

AREAS OF POLYGONS, 

RECTANGLES. 

188. The amount of space covered by a plane figure is called 
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its area. In oiiler to express areti, \ve staU^ how nmiiy tinuN* 
greater it is than another area t^iken as a unit, 

189. The unit most commonly used is the square foot, or i\n 
area equal to a square measuring one foot on a side. For snuill 
areas the square inch may be used. If we say that a eert4un lot 
of land contains 10,000 square feet, we mean that its aiva is 10,000 
times as great as an area of one sqmu*e foot. 
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Pig. 2. 



190. In Fig. 2 let A' B' equal 1 inch and A' I)' (•qual 1 imih; 
then the area A'B'C'D' equals 1 square uich. 'J'h(5 divisions 
AB, BL, LM, MN, NO and OE are ejM;h eciual to A' B'. 
Similarly the divisions A D, D R, R T and T G are ecpial U) A' I)'. 

It will be seen that the recttmgle A K F CI contains 24 of 
these small squares, each equal to the unit area A' B' C I)'. Since 
there are 6 divisions in the bjise and 4 in the altitude, and 
6x4 = 24, we have the following nile : 

191. To find the area of a rectangle, multiply the base by 
the altitude. 

Example. The base of a recbmgle is 18 feet and the altitude 
is 7 feet ; what is the area ? 

ha$e X altitude = area 
18 X 7 = 12G 

Ans. ]2^> H<]uare fcjet 
Another Example. The area of a rw;tjingle is ^9 m^iiaro 
inches and the Ixise is 13 im^hes; what is the altitude? 

laMe X altitude z= area 



or 



altitufle = 



bane 

= il = 8 



Ans. /> jnr'hen* 
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192. Since the square is a rectangle, its area is found by the 
same rule. In the square, however, the base equals the altitude ; 
bence the area is equal to the square of one side. 

PARALLELOGRAMS. 

193. In the parallelogram shown in Fig. 8 we know that the 

base is D C, and the altitude A G, or any 
line perpendicular to D C. If we pro- 
duce D C to F to meet the line perpen- 
dicular to the bases from E, \he right 
triangle E F C is formed. This triangle 




c c r 

pj g may be proved equal to the right tri- 

angle AGD. If we take the area 
A G D from the parallelogram and add the equal area E F C, we 
do not change the area of the parallelogram. Hence, 

area A E F G = area A E C D. 
We know that the area of the rectangle A E F G is equal to 
the product of its base and altitude. From this we can state : 

194. The area of a parallelogram is equal to the product 
of the base and altitude. 

Example. The altitude of a parallelogram is 9 inches and 

the base is 12 inches. What is the area? 

area = base X altitude 

area =12X9 

area = 108 square inoheB. 

195. Base = ^^^^ Altitude = ^ 

Altitude Base 

TRIANGLES. 

196. If we draw the diagonal A F (Fig. 4), the parallelogram 
A C P B is divided into two equal triangles — B A F and AFC. 
The area of the parallelogram Ls equal to the base multiplied by 
die altitude. Hence the area of the triangle is equal to ^ the bfase 
multiplied by the altitude. This may be expressed 

base X altitude 

area = 

2 

= ^*^^- X altitude 
2 

, ^ altitude 
= base X — 

2 
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197. The area of a triangle equals one-half the product of 
the base and the altitude. 

Example. The base of a triangle is 6 and the altitude is & 
What is the area? 

^ base X altitude 

area ^ 



2 



_6 X3_ 




= 9. 
2 

198. In case the three sides 

are known the area is found as fol- IT 
lows: 

(1) Add together the three sides and divide the sum by 2. 

(2) Subtract from the half sum (1) the three sides severally. 

(3) Multiply the half sum (1) and the tliree remainders 
(2), and extract the square root of the product. 

Example. The three sides of a triangle are 24, 18 and 16 
inches respectively. What is the area ? 

The half sum (1) is ^4 + 18 + 16 _ gg 

^ ^ 2 

129 — 24 =6 
29 — 18 = 11 
29 — 16 = 18 

The area = V'29 X 6 X H X 18 

= V'20,735 

= 144 — square inches. 

199. The Right Triangle. The area of the right triangle i& 
equal to one-half the product of the base and altitude. If both 
are given, the problem is very simple ; if the hise and hypothenuse 
are given, the altitude may be found by the principle explained in 
Arts. 158 and 159. 

ABX AC 

area = _ • (See Pig. 6.) 

200. The isosceles Triangle. The isosceles triangle ABC 
is equal to the sum of the two right triangles A B D and BCD. 

If the base and altitude are known, the principle explained in 
Art. 197 may be used. 
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If the biise A C and the side A B are known, the principle 
explained in Art. 159 may be folio \v(»d to find the altitude, and 
then the area is found accoixling to Art. 197. As the side B C = 
side A B, the area may be found according to Art. 198, as the 
three sides are given. 

201. The Equilateral Triangle. The eciuilat^ral triangle is 
an isosceles triiuigle ; hence any of the above rules may be used 
according Uj the datii. 

Suppose the side B C = 1. The side A C also ec^uals 1, and 



2 



a 



From Ai-t. 159, 14 D = H C —DC 

= .866 

202. To find tho altitiwlo nmltiply tho side by .866. 

Area of triangle AI5C^ X AC 

= (.483 X A C) X A O 
= .433 X AC^ 

203. The area of an equilateral triangle is equal to the 
square of the side multiplied by .433. 






Fig. 5. 

The alx>ve nile will 1x5 found very useful, on account of its 
simplicity, and l)e(jause the results jiro sufficiently accurate for all 
pi-jictical pui'poses. 
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Example. The side of an equilateral triangle is 6 inches. 
What is the area ? 

Area = (side) 2 x .488 
= 62 X .433 
= 36 X .433 
= 15.588 square inches. 

Another example. The side of an equilateral trisinglo is 8 
inches. Wliat is the area ? 

BC=8 DC=4 

B D = v/64 — 16 

= V'18 
= 6.928 

H D X A C 

area = 

2 
__ 6.928 X 8 
■" 2 

= 27.71 square inches. 

.wv. Ti 2 X Area a,... , 2 X Area 
204. Base = ^- — -- Altitude = —^ . 

Altitude Base 

BXAilPLES FOR PRA(rriCB. 

1. The base of a right-angled triangle is 12 feet and the 
h ypothenuse is 20 feet. What is the length of the perpendicular ? 

Ans. 16 feet. 

2. The Ixise of a parallelogram is 16.25 feet and the altitude 
is 7.5 feet. What is tlie area? Ans. 121.875 square feet. 

3. The foot of a ladder is 15 feet fi-om the base of a build- 
ing, and the top reaches a whidow 36 feet above the base. What 
is the length of the ladder ? Ans. 39 feet. 

4. An equilateral triangle has an area of 21.217 square 
inches. What is the length of the side ? Ans. 7 inches. 

6. An isosceles triangle has a base 16 inches long and the 
equal sides 18 mches long. What is the area? 

Ans. 128.96 square inches. 
G. The base of a triangle is 20 feet and the altitude is 18 
feet. What is the side of a square having the same area ? 

Ans. 13.41 feet 
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7. What is the area of a triangle having sides 16, 12 and 

10 feet? Ans. 59.9 square feet. 

8. \Vliat is the area of an equilateral triangle if the side is 

11 feet? Ans. 52.393 square feet. 

TRAPEZOID. 

205. If in the trapezoid shown in Fig. 6, a diagonal D B is 
^ drawn, the trapezoid is divided into two 

triangles. The altitude of both triangles 
is the same ; the base of triangle D B C 
is the lower base and the base of D A B is 
the upper Imse. To find the area we 
proceed as follows : 

Area 1) B C = altitude X -L D C 

2 

Area I>AB = altitude X i-AB. 

2 




Fig. 6. 



Total area = altitude X lI^-lltA^. 

2 

206. The area of a trapezoid equals the product of the 
altitude and one-half the sum of the bases. 

Example. If the bases of a trapezoid are 10 inches and 8 
inches respectively and the altitude is 7 inches, wliat is the area? 

Area = 7 [ — i— J = 63 square inches. 

HEXAQON. 

207, A regular polygon is one all of whose sides and angles 
are equal. We may divide a regular ^ ^ 
hexagon into six equal equilateral triangles. 
The area of the triangle FOE may he / \ / 

found by any of the rules given for equi- ^/ )^[ \^ 

lateral triangles. 

O L = Vo E^ - in'* 



. O L X F E ^ - 

Area = F L 

Area of hexagon = ^I^lAY-J XO = OLXFEX3, 
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We know that the area of an equilaUmil triangle niay be found 

by multiplying the square of the side by •488. 

Area = (side) « X .433, 
Area of hexagon = (tide) * X .433 X 0. 

= (side) « X 2.608. 

Example. The side of regular hexagon is 5 feet long. What 
is the area? 

5« X 2.698 = 64.95 square feet 

POLYGONS. 

208. To find the area of a polygon we divide it into triangles 
and take the sum of the areas. 

209. Suppose we wish to know the area of the given 
polygon A B C D E F. • First we divide 
it into the triangles A B F and E F B 
and the trapezoid B C D E. This is 
done by drawing the lines F B and 
E B. We find the altitudes to be 6 
inches, 4 inches and 9 inches respec- 
tively. If the line A F is 14 inches, 
D C 15 inches and E B 11 inches, 
the areas are as follows : 

Area A B F = ^-—^ =» 42 iquare itiohon. 

Area BE F = ^ ^ ^^ = 22 M|tiare ItiohMi. 

AreaBCDE =i2<JJj_+J*^ > = in Mjuare Inohee. 
The total area is 42 + 22 + 117, or 181 iic|uare iiichen. 

EXAMPLES FOR PRACTICE. 

1. The bases of a trapezoid are 28 feet and 11 fef^t; the 
altitude is 9 feet. What is the area ? 

Ans. 158 square feet. 

2. What is the area of a regular hexagon having a fieri meter 
of 42 feet? 

Ans. 127.3 aquare feet. 

3. If the area of a regular hexagon is 314.8/i8 s^juare inchi^Hf 
what is the length of tlie altitude of one of the equal equ]lat«;ral 
triangles? Ans. 9.626 iiwjliei* 
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4. *Find the area of a trapezium, a diagonal of which 
measures 42 feet, and the perpendicular from one vertex to the 
diagonal is 16 feet, and from the other vertex 18 feet. 

Ans. 714 square feet. 

5. What is the area of the trapezium a diagonal of which is 
85 feet 6 inches long, the perpendiculars to the diagonal from the 
other two vertices being 9 and 3 feet respectively? 

Ans. 213 square feet. 

CIRCLE. 

210. Suppose we have a regular hexagon A B C D E F in- 
scribed in the circle whose center is O. The hexagon may be 
divided into six triangles by drawing 

the radii connecting the vertices A, B, jf (' 

C, D, etc., with the center. These tri- // \ 
angles are all equal and the area of each I /^^^ \ 

is equal to one-half the product of the ^k_ II: 

base and altitude. We may say that it \\ /'"/ iX "^-.^ // 
is equal to one-half the altitude multi- VC / j \ /y 
plied by the base. The area of six tri- ^ ^/ j \l / 
angles is equal to one-half the altitude r^---— a---^£ 

O L of one of them multiplied by six times the base or the perimeter. 

Area = ?:l!!!^ x perimeter. 

211. Now if the number of sides of the polygon is increased, 
the altitude will increase and the perimeter will be more nearly 
equal to the circumference of the circle. If the number of sides 
is increased indefinitely, the altitude of each triangle will be 
practically the same as the radius of the circle and the perimeter 
will be very nearly the same as the circumference. The area 
of the circle will be that of the inscribed polygon of an infinite 
number of sides, or 

Area of circle = ^— — H^ X circumference. 

2 

It has been found tliat the diameter of a circle multi- 



•Note. The diagonal connects two vertices. The perpendiculars are 
from the other two vertices to the diagonal. They are the altitudes of the 
two triangles of which the diagonal forms the base. 
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plied by the constant 3.1416 is equal to the circumference. The 
constant 3.1416 expresses the ratio of the circumference to the 
diameter, and is called Pi ; it is usually designated by the Greek 
letter tt. 

212. The circumference of a circle is equal to the diameter 
mvltiplied ly 3.1416. 

From the above we know that 

Area of circle = ^^ '^^ ^ X circumference. 

2 

— radius^ ^ diameter X 3.1416. 



2 
radius 



X 2 X radius X 3.1416. 



2 
= radius X radius X 3.1416. 

213. The area of a circle equals the square of the radius 
multiplied ly 3.1416. 

Example. What is the area of a circle whose radius is 4 
feet? 

Area = (radius)^ X 3.1416 
=. 4 X 4 X 3.1416 
= 50.2656 square feet. 

Another example. If the diameter of a circle is 12 inches, 
what is the area ? 

Radius = diameter 

2 

:=z}l = Q inches. 
2 

Area = 6 x 6 X 3.1416 

= 113.0976 square inches. 

The above example may also be solved as follows : 

Area = radius X radius X 3.1416 

__ d iameter v. diameter ^ « ^ . jg 
2 2 

_. diameter X diameter w « -iAiQ 
4 

= diameter X diameter X 'Hil? 

4 

Since ?:11H = .7854. 
4 

Area = 12 X 12 X .7854 

= 113.0976 square inches. 
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214. The area of a circle is equal to the square of the diameter 
multiplied by .7854. 

215. By considering Art. 211 to Art. 214 and using the 

principles of Elementary Algebra we have the following : 

Circumference = 3.1416 X diameter 

= 2 X 3.1416 X radius 

4 X area 

diameter 

Area = radius X radius X 3.1416 

= diameter X diameter X .7864 

radius 



= circun^ference X - 

Diameter = drcun^erenee 

8.1416 

= /4 X area 



2 



v/ 



3.1416 



Radius = (^ireun^erenee 

2 X 3.1416 



/ area 





Fig. 7. 



Fijr. 8. 



216. Circular Ring. To obtain the area of a flat circular 
ring, first find the area of the hole and subtract it from the area 
enclosed by the larger circumference. 

In Fig. 7 we have : 



— a 



Area of large circle = .7854 X l.*> = 176.71 square inches 
Area of small circle = .7854 X 0- = 28.27 square inches 

Area of ring = 148.44 square inches 

217. Sector. In finding tlie area of a sector we determine 
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the fraction of the area of a circle. Thus if the sector has an arc 
of 60°, the area of the sector would be 60 -^ 360 = one-sixth of 
the area of the circle of which the sector forms a part. Similarly 
a sector having an arc of 45° has one-eighth the area of a circle 
having a radius equal to one of the sides of the sector. 

218. Ses^ment. There are many rules and tables for find- 
ing the area of a segment. The following formula is very simple 
and gives approximate results. The derivation of this^forniula is 
very diflficult, as it involves higher mathematics ; the formula may 
be used, however, by students and engineers who wish a simple 
formula giving approximate results. 

2 f 

Area of segment A = — . \/ -j- — '608 

3 ^ A 

In this formula A = height of segment and D = the diameter 
of the circle. See Fig. 8. 

219. Suppose we wish to find the area of a segment when 
the diameter of the circle is 12 feet and the height of the segment 
is 4 feet. 

In this case h = 4 feet and D = 12 feet. Substituting these 
values in the formula we liave. 



A - 4 A^ Id 



608 



= 12<j\/i:^-.608 
3 V 4 

64 J 

= -3- V 3 — .608 

64 J 64 

= -3- V 2.392 = -3 X 1.65 

= 33.06 -f square feet. 
EXAMPLES FOR PRACTICE. 

1. The diameter of a circle is 9 feet; what is the area? 

Ans. 63.617 square feet. 

2. What is the circumference of a circle 17 inches in 

diameter? 

Ans. 53.407+ inches. 

3. If a circle is 4 feet in diameter, what is the area of a 
sector having an arc of 80°? Ans. 2.7926 square feet. 
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4. The area of a certain circle is 283.53 square feet ; what 
is the circumference ? 

Ans. 59.69 feet. 

5. The area of a circle is 99.402 square inches ; what is the 
circumference? 

Ans. 35.343 inches. 

50L1D5. 

220. A solid has three dimensions — length, breadth and 
thickness. 

PRISMS. 

221. A prism is a solid having two opposite faces called 
base^j equal and parallel; the other faces, called lateral faces, are 
parallelograms. 






PRISM. 



RIQHT PBIVf. 



TBUNOATBD PRI8M. 



222. The altitude of a prism is the perpendicular distance 
between the bases. 

223. The combined area of all the lateral faces is called the 
lateral area, 

m 

The total area or entire surface is the lateral area plus the 
areas of the bases. 

224. The intersections of the faces are called the lateral 
edges. 

225. Prisms are triangular^ rectangular^ hexagonal^ etc., 
according to the shape of the bases. 

226. A right prism is one whose lateral edges are perpendicu- 
lar to the bases. 

227. A regular prism is a right prism having regular poly- 
gons for bases. 

228. A parallelopiped is a prism whose bases are parallelo- 
granis. If all the edges are perpendicular to the bases, it is called 
a right parallelepiped. 
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229. A rectangular parallelepiped is a right parallelepiped 
whose bases are rectangles ; all the faces are rectangles. 

230. A cube is a rectangular parallelepiped all of whose 
faces are squares. 

231. A truncated prism is the portion of a prism included 
between its base and a plane cutting all the lat^nd edges. 






PABALLELOPIPXD. 



RBCTAZCGULAB PARALLELOPIPBD. 



OCTAEDRON. 



232. Lateral Area. Suppose we have a box 3 feet long, 2 
feet wide and 6 feet deep. Let us consider the top and bottom 
as the bases. 

The area of the front face is evidently 
6 X 3 = 18 square feet; the area of the back 
face is also 18 square feet, as it is equal to 
the front face. 

The area of the left-hand face is 
2 X 6=12 square feet, and the area of the $ 
right-hand face is the same. 

The convex surface is equal to 

2 X 18 = 36 

2 X 12 = 24 

J 

60 scjuare feet. 

233. It is readily seen that had we multiplied the perimeter 
of the base by the altitude we would have obtained the same 
result. 

Perimeter of base = 3 + 2 + 3 + 2 = 10 feet. 
Altitude = 6 feet. 
Lateral Area = 10 X 6 = 60 square feet. 

234. The lateral area of any ru/ht prism is equal to the prod- 
uct of the perimeter of the base and altitude. 



2/^ 


3 


/^ 


J 


L„.«? 
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This rule may be used for all right prisms, whether the hase 
is a triangle, square, parallelogram or hexagon. 

Example. What is the latei-al area of a right prism whose 
altitude is 11 feet and each side of the hexagonal base is 4 feet? 
The perimeter of the base = 6 x 4 i= 24 feet. 
Altitude = 11 feet. 
Lateral area = 24 X 1 1 = 2fi4 Equare feet. 
235< Total Area. To find the total area of a prism, add the 
areas of the haaea to the lateral area. 

236. In the prism described in Art. 232, the lateral area was 
found to be 60 square feet. The area of the lower base is equal 
to 3 X 2 = 6 square feet and the ai'ea of the upper base is the 
same. 

Total area = 60 + (2 X 6) = 72 square feeU 



1^- 


.14-. 


^fH 


,f^- 


't — ; 












^y 


^' 




y^ 



237. Volume- The unit of volume is a cube wliose edges 
are each equal to the unit of length (inch, foot, etc.). The volume 
is expressed as being equal to the number of times the unit volume 
is contained in the prism, 

238. By considering the above figures we see that the unit 
of vohinie A is contained 4 times in each layer of the prism B. 
As there are 3 layers, it is eonUined 4x8—12 times. If the 
unit of volume ie the cubic foot, the prism B would contain 12 
cubic feet. The area of the base is 4 square feet and the altitude 
is 3 feel. Hence we may say ; 

239. Tkf volume of any right prism is equal to the product of 
the area of the base and the altitude. 
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Example. Find the volume of a block of stone 8 feet long, 
2 feet wide and 7 feet high. 

The area of the base = 2X3 = 6 square feet. 
The volume = 6 X 7 = 42 cubic feet. 

We may consider any other side as the base ; the result is the 

same. 

2 X 3 X 7 = 42. 
7 X 3 X 2 = 42. 
7 X 2 X 3 = 42. 

240. Let us consider an hexagonal prism having an altitude 
of 9 feet and each side of the base 4 feet. 

To find the volume we must first find the 
area of the base. This may be done according to 
Art 207, or by finding the.aLtitude O D of the tri- 
angle AO C, and then proceeding as in Art. 197. 
After finding the area of the base, multiply by the 
altitude. 

Area of base = 16 X 2.598 

= 41.568 square feet 
Volume = 41.568 X9 

= 374.112 cubic feet. 

The lateral and total areas are found 
(See Arts. 232 and 235.) 

Lateral Area = 24 X 9 

= 216 square feet 
Total Area = 216 -f (2 X 41.568) 
= 299.136 square feet. 



241. 

as before. 




EXAMPLES FOR PRACTICE. 

1. Find the volume of a cube whose edges are each 6 feet 

6 inches. 

Ans. 274| cubic feet. 

2. Find the volume of a triangular prism whose altitude is 
20 feet and each side of the base 4 feet. 

Ans. 138.56-f- cubic feet. 

3. Find the lateral area of a prism having an altitude of 

7 feet and its base a pentagon, each side of which is 4 feet. 

Ans. 140 square feet. 

4. What is the entire surface of a parallelopiped 8 feet 
9 inches long, 4 feet 8 inches x^-ide and 3 feet 3 inches high ? 

Ans. 168| square feet. 
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5. Find the volume of an hexagonal prism 17 feet high, 
having a base each side of which is 7 feet. 

Ans. 2,164.1 cubic feet, 

6. What is the total area of a cube whose edges are each 
7 inches? 

Ans. 294 square inches. 

7. What is the weight of a cast iron block 6 inches long, 
5 inches wide and 3 inches high ? Cast iron weighs about .26 
pound per cubic inch. 

Ans. 23.4 pounds. 

CYLINDERS. 

242. A cylinder is a solid bounded by a cylindrical surface 
and two parallel planes intersecting this surface. It may be con- 
sidered as being a piism whose base is a polygon of an infinite 
number of sides. 








CYLINDBB. 



BIGHT CYLIMDBB. 



IMSOBIBBD CYUNDBB. 



243. The parallel faces are called the ha%e%. 

244. The altitude is the perpendicular distance between the 
bases. 

245. A circular cylinder is a cylinder whose base is a 
circle. 

246. A right circular cylinder^ or cylinder of revolution, is 
a cylinder generated by the revolution of a rectangle about one 
side as an axis. 

247. A cylinder may be inscribed in or circumscribed about 
a prism. 

248. The cylindrical area is called the lateral area. The 
total area is the sum of the lateral area and the areas of the bases. 

249. Lateral Area. The lateral area of a cylinder is equaf 
to the circumference of the base multiplied by the altitude. 
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250. Suppose we have a cylmder 15 inches high and 6 mches 
in diameter. 

The ciTCumference = 3.1416 X 6 = 18.8496 Inches. 

The lateral area= 18.8496 X 15 = 282.744 square inches. 

251. Total Area. To find the total area of a cylinder^ add 
the areas of the bases to the lateral area. 

252. In the above cyUnder the area of the biise is, 

36 X .7854 = 28.2744 square inches. 
The total area = 282.744 + 2 (28.274) 

= 339.292 square inches. 

253. Volume. The volume of a cylinder is equal to the area 
of the base multiplied by the altitude. 

Example. A cylinder is 6 feet in height and 4 feet in 
diameter ; what is the volume ? 

Area of base = 4 X 4 X .7854 

= 12.5664 square feet. 
Volume = 12.6664 X 6 

= 75.3984 cubic feet. 

EXAilPLES FOR PRACTICE. 

1. What is the volume of a cyUnder whose altitude is 8^ 
feet and base 3 feet in diameter? 

Ans. 60.08+ cubic feet. 

2. Find the total area of a cylindrical boiler 56 inches in 
diameter and 16 feet long. 

Ans. 268.78 square feet. 

3. How many gallons of water will the above boiler hold if 
it contains no tubes ? 

Ans. 2,047 gallons. 

PYRAillD. 

254. A pyramid is a solid whose base is a polygon and 
whose sides are triangles. 

255. The vertices of the triangles meet to foim the vertex 
of the pyramid. 

256. The altitude of the pyramid is the perpendicular dis- 
tance from the vertex to the base. 

257. A pyramid is triangular, quadrangular, etc., according 
to the shape of the base. 
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258. A regular pyramid is one whose base is a regular poly- 
gon and whose vertex lies in a perpendicular erected at the center 
of the base. 

259. The slanb height of a regular pjrramid is a line drawn 
from the vertex perpendicular to a side of the base. It is the 
altitude of one of the triangles which form the sides. 






PYRAMID. 



BBGULAB PYRAMID. 



HRXAOOITAL PYRAMID. 



260. 

the faces. 

261. 



The lateral edges of a pyramid are the intersections of 

Lateral Area. The lateral area is the combined area 

of all the triangles forming the sides. 

262. As the area of each triangle 
is equal to the product of the base and 
one-half the altitude, the lateral area of 
the pyramid is equal to the perimeter 
multiplied by one-half the slant height. 

Example. Suppose a pyramid hav- 
ing a slant height of 14 feet has a 
regular pentagon for a base, each side of 
which is 5 feet. What is the lateral 
area? 

Perimeter of base := 5 X 5 = 25 feet. 
One-half the slant height = 7 feet. 

Lateral area = 25 X 7 = 175 square feet. 

263. If the slant height is not given it can usually be found 
by means of the principle explained in Art. 158. 

264. The pyramid sho^vn in Fig. 9 has an altitude O E of 
12 feet and each side of the square })ase is 8 feet. We know that 
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E F ss: 4 feet. Since the angle O E F is a right angle (^Art. 169), 

OF* = OE^ + EF^ 

= 144 + 16 
= 160 

O F = v/l60 = 12.66 (nearly) 

The literal area =iM5^<_i2 

2 
= 202.4 square feet. 

265. The Total Area is equal to the 
lateral area plus the area of the base. 

In the above example the area of the 
base is 64 square feet. (Art. 192.) The 
total area is, 

64 + 202.4 = 266.4 square feet. 

266. Volume. The volume of a pyror 
mid is equal to the area of the base multi- 
plied by one-third the altitude. 

267. Example. Suppose the triangu- 
lar pyramid shown in Fig. 10 has the 

following dimensions: altitude 8 feet, sides of base 5, 4 and 3 
feet. What is the volume ? 
Area of base : 

The half sum (1) = 12 -=- 2 = 6 

re — 5 = 1 

The three Temainders (2) are J 6 — 4 = 2 

6 — 3 = 3 

The area = v'e^"! X 2 X 8 

= V'36 

= 6 square feet. 

Volume = area of base X \ altitude 

= 6X1 

= 16 cubic feet. 

EXAilPLES FOR PRACTICE. 

1. A triangular pyramid is 9 inches in height and each side 
of the base is 4 inches long. Find the volume. 

Ans. 20.784 cubic inches. 
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2. Find the lateral area, total area and volume of a pyramid 
having a slant height of 72 inches and a square for a base, the side 
of which is 8 feet. 

Lateral Area = 96 square feet. 

Total Area =160 square feet. 

__ 64 V^20 _ 



Ans. 



Volume 



3 



= 95.4 cubic feet. 



3. Find the lateral area and volume of a hexagonal pyramid 
each side of whose base is 6 feet and whose altitude is 12 feet. 

Lateral Area = 235.26 square feet. 
Volume = 374.112 cubic feet. 



Ans 



■{ 



C0NE5. 

268. A cone is a solid bounded by a conical surface and a 
plane which cuts the conical surface. It may be considered as a 
pyramid of an infinite number of sides. 






OONB. 



OIBCULAB OONB. 



OONB OP BBVOLUTZON. 



269. The curved surface is called the lateral area, and the 
plane is called the base. The convex surface tapirs to a point 
called the vertex. 

270. The altitude of a cone is the perpendicular distance 
from the vertex to the base. 

271. An element of a cone is any straight line from the vertex 
to the perimeter of the base. 

272. A circular cone is a cone whose base is a circle. 

273. A riffht circular cone, or cone of revolution, is a cone 
whose axis is perpendicular to the base. It may be generated by 
the revolution of a right triangle about one of the sides as an 
axis. 
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274. Lateral Area. The lateral area of a cone u> found in 
the same way as in the case of a pyramid. Multiply the perimeter 
of the base by one-half the slant height. 

Example. The base of a cone is 12 inches in diameter and 
tlie slant height is 16 inches. What is the lateral area? 

Perimeter of base = 3.1416 X 12 

= 37.699 inches 

Lateral area = 37.699 X - 

2 

= 301.592 square inches. 

275. To find the total area, add the area of the base. 
In the above example, tlie area of the base is, 

3.1416 X 36 = 113.0976 
Total area = 113.0976 + 301.592 = 414.6896 square inches. 

276. Volume. The volume of a cone is equal to the product 
of the area of the base and one-third the altitude. 

Example. The altitude of a cone is 18 inches and the radius 
of the base is 2 inches. What is the volume ? 

Area of base = 3.1416 X 4 = 12.5664 
Volume = 12.5664 X 6 

= 75.3984 cubic Inches. 

277. In case the altitude is not known, it may be found if 
the slant height and radius of base are known. 

EXAMPLES FOR PRACTICE. 

1. Find the total area of a cone having an altitude of 21 feet 
and a base 16 feet in diameter. 

Ans. 765.75 square feet. 

2. Find the volume of a cone if the area of the base is 12.566 
square inches, and the slant height is 6^^ inches. 

Ans. 25.898+ cubic inches. 

3. The volume of a cone is 1,061.84 cubic inches and the 
altitude is 24 inches. What is the lateral area? 

Ans. 607.64+ square inches. 

FRUSTUMS OF PYRAMIDS. 

278. The frustum of a pyramid is the solid formed by pass- 
ing a plane parallel to the base and cutting all the edges. 
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279. The upper plane of the frustum is called the upper 
base and the lower plane the lower base. 

280. The altitvde is the perpendicular distance between the 
bases. 

281. To find the lateral area of the frustum, multiply one- 
half the sum of the two perimeters by the slant height. 

282. Example. The lower base of a frustum of a square 
pyramid measures 12 inches on each side and the upper base 
measures 4 inches on a side ; if the slant height is 7 inches, what 
is the lateral area ? 

/K Perimeter of lower base = 4 X 12 = 48 inches 

// \ \ Perimeter of upper base = 4 X 4 = 16 inches 

/'**"' iS^ dA 4. 1A 

* ^ "O v One-half the sum = ^ ^ ^" = 32 inches 

2 

The lateral area = 7 X 32 = 224 square inches. 

283. The total area is found by adding 

the areas of the bases to the lateml area. 

In the al)ove example we have : 

Area of lower base = 144 square inches 

Area of upper base = 16 square inches 

Lateral area = 224 square inches 

Total area = 3S4 square inches. 

284. Volume. To find the volume of a frustum of a pjrra- 
mid : (1) Find the areas of the two bases and add them together. 
(2) To this quantity (1) add the square rootoi ihQ product ot the 
two bases. (3) Multiply the sum tlms obtained by one-third the 
altitude. 

285. Example. The altitude of the frustum of a square 
pyi-amid is 10 feet. Each side of the lower base is 12 feet and 
each side of the upper base is 9 feet What is tl)e volume ? 

Area of lower base = 12 X 12 = 144 square feet 

Area of uj^per base = OX = 81 square feet 

Sum (1) = 225 square feet 

Square root of product (2) = y^l44 X 81 

Volume = ^^- X (225 f 108) 

s 1110 cubic feet. 
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FRUSTUnS OF CONES. 

286. The frustum of a cone is a solid formed by a plane 
parallel to the base and cutting the conical surface. 

287. The upper plane is called the upper base and the lower 
plane the lower base. 

288. The altit'ude is the perpendicular distance between the 
bases. 

289. To find the lateral area of the frustum, multiply one- 
half the sum of the two perimeters by tlie slant height. 

290. Example. The lower base of a frustum of a cone is 
11 inches in diameter and the upper base is 8 inches in diameter. 
What is the convex area if the slant height is 5 inches ? 

Circumference of lower base = tt d (Art. 215) 

= 3.1416 X 11 

= 34.5576 Inches 
Circumference of upper base = 3.1416 X 8 

= 25.1828 inches 

84.5576 + 25.1328 _ gg g^g 
2 

Lateral area = 29.8452 X 5 

= 149.2260 square inches. fbustum of conb. 

291. The total area is equal to the areas of the bases added 
to the lateral area. Thus in the above example, 

TT 

Area of upper base = — d* (Art. 216) 

= .7854 X 64 
= 50.2656 square inches 
Area of lower base = .7854 X 121 

= 95.0334 square inches 
50.2656 
95.0334 
149.2260 




Total area = 294.5250 square inches. 

292. The volume of the frustum is found in the same man- 
ner as the frustum of a pyramid. 

(1.) Find the areas of the two bases and add them together. 
(2.) To this quantity (1) add the square root of the product of 
the two bases. (3.) Multiply the sum thus obtained by one- 
third the altitude. 



64 MENSURATION. 



293. Example. The altitude of the frustum of a cone is 
18 inches. The upper base is 3 inches in radius and the lower 
base is 12 inches in diameter. What is the volume ? 

Area of lower base = 3.1416 X 36 

= 113.0976 
Area of upper base = 3.1416 X 

= 28.2744 



Sum(l) =141.3720 

Square root of product (2) = y^ll3.0976~X 28.2744 

= 56.5488 
Volume = 6 X (141.3720 + 66.5488) 
= 1,187.6248 cubic iuclies. 

BXAHPLES FOR PRACTICE. 

1. Find the volume of the frustum of a cone having a slant 
height of 6 feet, an upper base 6 feet in diameter and a lower base 
8 feet in diameter. 

Ans. 228.973 cubic feet, 

2. Find the lateral area of the frustum of a rectanguhir 
pyramid whose altitude is 8 inches and whose bases are 8x8 inches 
and 14 X 14 inches respectively. 

Ans. 375.980 square inches. 

3. What is the slant height of a frustum of a cone if the 

convex area is 502.656 square inches, the upper base 7 inches in 

diameter and the lower base 13 inches in diameter ? 

Ans. 16 inches. 
SPHERE. 

294. A sphere is a solid bounded by a curved surface, every 
point of which is equally distant from a jx)int within called the 
center. 

295. The diameter is a straiglit line dmwn through the center 
and having its extremities in the curved surface. The radius is 
the straight line from the center to the surface ; it is equal to one- 
half the diameter. 

296. A sphere is tangent to a plane when the plane touches 
the sphere in only one point. A plane perpendicular to the 
extremity of a radius is tangent to the sphere. 

297. Surface. To find tlie surface of a sphere, multiply the 
square of the diameter by 3.1416. 
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Example. Find the surface of a sphere which is 9 inches in 
diameter. 

92 = 81. 81 X 3.1416 = 254.4696 square inches. 

2^. To find the diameter when the surface is given, divide 
the surface 6y 3.1416 and extract the square root of the quotient. 

Example. What is the diameter of a sphere whose area is 
113.0976 square feet? 

g ^^^Q = 36. v'se = 6 feet. 

299. Volume, To find the volume of a sphere, multiply the 
cube of the diameter btf .5236. 

Example. A sphere is 10 inches in diameter; what is the 
volume? 

103 = 1000. 1000 X .5236 = 523.6 cubic inches. 

Another example. Find the volume of a sphere having a 
diameter of 7 feet. 

73 = 343. 343 X .5236 = 179.5948 cubic feet 

300. To find the diameter when the volume is known, 
divide the volume hy .5236 and find the cube root of the quotient. 

Example. A certain sphere contains 8181.25 cubic feet; 
what is the diameter ? 

8181.25 



.5236 



= 15625. ^15625 = 25 feet. " 



BXAilPLES FOR PRACTICE. 

1. A sphere has an area of 153.9384 square inches. What 

is the volume? 

Ans. 179.5948 cubic inches. 

2. How much will a sphere of cast iron weigh if it is 8 
inches in diameter, and cast iron weiglis .26 pounds per cubic inch? 

Ans. 3.6756 pounds. 

3. How much will it cost to paint a sphere whose radius is 
4J feet if it costs 25 cents to paint one square yard ? 

Ans. $7.07. 

4. How much less surface has a sphere which is 12 inches 
in diameter than a sphere which has a volume of 1.7671 cubic 
feet > 

Ans. 3.927 square feet. 
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5. What is the Tolume of a sphere if the area is 28.2744 
aquare iochea? 

Ans. 14.1372 cubic inches. 

A PRACTICAL PROBLEM. 

To Find tlie Steam Spue In ■ HorlzonUI Boiler. 

Suppose the boiler represented in Fig. 11 has the following 
dimensionB : length 12 feet, diameter 50 inches and the water 
level A B C D 16 inches below the top of the boiler. 




Fig. n. 

The steam space is equal to the volume above the plane 
A B C D which evidently is equal to the area A M B multiplied 
by the length of the boiler. To find the ai-ea A M B we may use 
the formula given in Art. 218 since A M B is a segment 



VF^ 



In the above, A ^ 16 inches, and D ^ 50 inches. Substi- 
tuting these values we have. 



V 16 



To reduce this s 



= 341.38^/3.125— .608 
:= 642.7 square Idc1i«b. 
a to square feet, divide by 144. 



The volume equals this area multiplied by the length 
8.768 X 12 = 46.216 cubic leet. 



EXATIINATION PAPER 

ELEMENTARY ALGEBRA AND 

MENSURATION 



5. What ii 
square inches ? 



MENSURATION. 



the TolutQe of a sphere if the area is 28.2744 



Ans. 14.1872 cubic inches. 
A PRACTICAL PROBLEM. 
To Find the Steam Space In m Horizontal Boiler. 

Suppose the boiler represented in Fig. 11 has the following 
dimensions: length 12 feet, diameter 60 inches and the water 
tevel A B C D 16 inches below the top of the boiler. 




Fig. 11. 

The steam space is equal to the volume above the plane 
ABCD which evidently is equal to the area AMB multiplied 
by the length of the boiler. To find the area A M B we may use 
the formula given in Art. 21 8 since A M B is a segment. 



_4ft» /d~ 



In the above, A := 16 inches, and D : 
tuting these values we have, 



50 inches. Subeti- 



V ifl 



= 042.7 square inches. 
To reduce this area to square feet, divide by 144. 



The volume equals this area multiplied by the length 
8.708 X 13 = 4G.218 cubic feet. 



EXATIINATION PAPER. 

ELEMENTARY ALGEBRA AND 

MENSURATION 
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2. X =^P X ?)— a g ^ ^jjg^ ^ = 24, Z = 80, a = 6 and 

e = 10. 

8. a a; = a 6 — 2 a rr + 28, when a = 2, and h = 16. 

4. If w = 11, a = 900 and w = 5, what is the value of 
c in the following equation ? 

6. If a = 8, i = 6 and c = 5, find the value of d, 
"' +^^ = J i — (2 aa + a A) 

EXERCISE IV. 

1. If I = 14 and R = 5 what is the value of W from the 
equation 

W = PR. 

2. If S = 9000, E = .86, p = 115 and D = 60 find t from 
the formula 

2SE' 
8. Find the value of E from the formula 

E = ^^ if v = 16, W = 24 and g = 82.16. 

4. If S = 887.92 feet and g = 82.16 find the value of t. 

5. Find the value of P from the equation 

p _ 806,000 t2 

in which t = .26, Z = 48 and rf = 6 J. 

EXERCISE V. 

1. How many square feet in a square 27 rods on each side? 

2. The area of a rectangle is 87.8 square feet, and the base 
is 7 feet. What is the altitude ? 

8. The diagonal of a trapezium is 21 feet long, the perpen- 
diculars to this diagonal from the vertices on either side are 9 feet 
and 8 feet What is the area? 

Ans. 178.5 square feet 
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4. If the area of a triangle is 500 square yards and the 
altitude is 180 feet, what is the base? 

5. How many square feet are there in a building lot having 
two parallel sides 140 feet and 116 feet in length and 83 feet 
apart? 

EXERCISE VI. 

1. Find the altitude and area of an isosceles triangle whose 
base is 20 feet long and the equal sides each 26 feet long. 

2. The base of a right triangle is 18 feet and the other leg 
24 feet. What is the hypothenuse ? 

3. What is the length of the longest rod that, without 
bending, can be put into a box 1 yard long, 1 foot wide and 9 
inches high, measured on the inside ? 

Ans. 3 feet 3 inches. 

4. The circumference of a circle is 574.9128 feet. What is 
the area? 

5. The area of a circle is 283.5294 square feet. What is 
the radius? 

EXERCISE VII. 

1. Find the entire surface of a rectangular solid whose 
dimensions are 2, 3 and 4 feet. 

2. Find the volume of a prism 5 feet high, having for its base 
a triangle each side of which is 10 feet long. 

3. Find the entire surface and the volume of a cylinder 7 
inches in diameter and 1^ feet high. 

4. The volume of a sphere is 140,601 cubic inches. What 
is its diameter ? 

6. The radius of a sphere is 28.5 feet. What is the surface ? 

EXERCISE VIIL 
nisceilaneous Problems. 

1. At 8 cents per square foot how much would it cost to 
paint the outside of a cylindrical tank 14 feet high and 16 feet in 
diameter? Include the cover. 

2. How many cubic feet are there in a piece of timber 15 
feet long, 16 inches square at one end and 12 inches square at the 
otiher? Ans. 20^ cu. ft. 
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3. Find the weight of a hollow steel shaft 12 feet long 
having an outside diameter of 8 inches and an inside diameter of 
4 inches. Assume the steel to weigh 485 pounds per cubic foot. 

4. Iron being 7.2 times as heavy as water and water weigh- 
ing 62^ pounds per cubic foot, what is the weight of an iron ball 

6 inches in diameter? 

5. Find the weight of water contained in a vertical boiler 
4 feet in diameter and 10 feet high, the water level being 8 feet 
from the bottom. Assume 124 tubes each 2 inches in diameter. 

Ans. 4930.5 pounds (approx.) 

6. Find the lateral surface of a regular four-sided pyramid 
12 feet high, the length of one side of the base being 10 feet. 

7. The wheel of a bicycle is 28 inches in diameter. How 
many times will the wheel turn in going a mile ? 

8. A house that is 50 feet long and 40 feet wide has a 
pyramidal roof, whose altitude is 15 feet. Find the length of a 
rafter reaching from a comer of the building to the vertex of the 
roof. Ans. 35.35-}- ft. 

9. The diameter of a boiler is 6 feet, the length 18 feet. 
If the maximum depth of the water is 4 feet, what is the volume 
of the steam space ? 

10. What is the volume of a frustum of a cone, the altitude 
of which is 9 feet, and the diameters of the bases 11 feet and 8 feet 

7 inches ? Ans. 681.15+ cu. ft. 

11. A gallon of water contains 231 cubic inches. How 
many gallons are there in a cylindrical cistern 11 feet deep and 
7 feet in diameter? Ans. 3,166.7+ gals. 

12. What is the amount of surface exposed to the water in 
the above problem ? 

13. What is the difference in area between a circle 8 feet in 
diameter and a regular hexagon inscribed in it^ 

Ans. 8.69+ sq. ft. 

14. Suppose instead of a circle and regular hexagon we had 
a regular hexagonal prism inside a cylinder, what would be the 
difference in volume, the altitude of each being 4 feet 7^ inches? 
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